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SUMMARY
A n a ly t ic a l  c o n d it io n s  a re  d e r iv e d  which en ab le  th e  r o o t  lo c u s  shapes 
o f  many s im ple  system s to  be o b ta in e d  d i r e c t l y  from th e  r e l a t i v e  p o s i t io n s  
o f  t h e i r  open loop  p o le s  and z e ro s .  I t  i s  a l s o  shown t h a t  th e  p o le -z e ro  
p a t t e r n s  o f  th e s e  system s can o f te n  be n o rm alised  in  o rd e r  to  d is p la y  a l l  
p o s s ib le  form s o f  t h e i r  r o o t  l o c i  on a s in g le  map. Many p re v io u s ly  
unknown lo c u s  shapes a re  g iv en  and th e s e  a re  c o n s id e re d  in  r e l a t i o n  to  
th e  co rre sp o n d in g  new form s o f  c lo se d  loop  re sp o n se .
A com puter program  i s  developed  w hich e n a b le s  r o o t  l o c i  to  be p lo t t e d  
f o r  system s w hich in c lu d e  p u re  tim e  d e la y  o r  d i s t r i b u t e d  l a g .  T h is  e x te n ­
s io n  to  th e  method makes i t  p o s s ib le  t o  p r e d ic t  th e  c lo se d  .loop  re sp o n se s  
o f  p u re  tim e d e la y  system s d i r e c t l y  from  t h e i r  r o o t  l o c i .  I t  a l s o  e n a b le s  
th e s e  system s to  be d es ig n ed  to  ach ie v e  s p e c i f i e d  c lo se d  lo o p  p erfo rm an ce  
and p ro v id e s  a method o f  o b ta in in g  t h e i r  open loop  dynam ics from  m easu re ­
m ents o f  c lo se d  loop re s p o n s e .
The speed  o f  th e  new com puter a lg o r i th m  makes i t  f e a s ib l e  to  u se  
r o o t  lo c u s  methods f o r  th e  d e s ig n  o f  h ig h  o rd e r  m u ltilo o p  sy s te m s . T h is  
im proved c a p a b i l i ty  i s  i l l u s t r a t e d  f o r  a i r c r a f t  c o n tro l  sy s te m s . A 
g e n e ra l p o le -z e ro  method i s  developed  which en a b le s  c o n tro l  law s to  be 
chosen f o r  a d e s i r e d  a i r c r a f t  re sp o n se  th ro u g h o u t th e  com ple te  f l i g h t  
en v e lo p e .
The p u re  tim e  d e la y  c a p a b i l i ty  o f  th e  program  i s  th e n  u sed  t o  d e te rm in e  
human p i l o t  t r a n s f e r  fu n c tio n s  from f l i g h t  re c o rd s  o f  th e  p i l o t - a i r c r a f t  
re sp o n se . F in a l ly  th e  r e s u l t s  o f  t h i s  a n a ly s is  a r e  used  to  d e s ig n  
im proved form s o f  manual a i r c r a f t  c o n t ro l  sy s te m s .
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CHAPTER 1
INTRODUCTION
A lthough th e  s t a b i l i t y  o f  c lo se d  loop  system s can be d e te rm in e d  
from  N y q u is t d ia g ra m s, Bode P l o t s ,  o r  N ich o ls  C h a r ts ,  th e s e  te c h n iq u e s  
d e a l  o n ly  w ith  th e  s in e  wave re sp o n se  o f  th e  sy stem . They f a i l  to  
g iv e  any d i r e c t  i n d i c a t io n  o f  th e  re sp o n se  to  o th e r  form s o f  d e t e r ­
m i n i s t i c  in p u t  and i t  i s  o f te n  d i f f i c u l t  to  s e e  how th e  sy stem  sh o u ld  
be com pensated in  o rd e r  to  a c h ie v e  a d e s i r e d  im provem ent in  c lo s e d  
lo o p  p e rfo rm an ce .
The r o o t  lo c u s  method i s  an a l t e r n a t i v e  d es ig n  te c h n iq u e  w hich 
was f i r s t  in tro d u c e d  by Evans in  1948. I t  i s  b ased  on th e  f a c t  t h a t
th e  c lo se d  loop  t r a n s i e n t  re sp o n se  o f  a  system  depends on th e  p o le s
and z e ro s  o f  i t s  c h a r a c t e r i s t i c  e q u a tio n  1 + KG(s) = 0 .
By w r i t in g  t h i s  e q u a tio n  in  th e  form  -1  = KG(s) th e  v a r i a t i o n  o f
th e  c lo s e d  lo o p  p o le  p o s i t i o n s  w ith  lo o p  g a in  K, can be p l o t t e d  as  a
lo c u s  in  th e  complex p la n e .  T h is  i s  a c h ie v e d  by s e a rc h in g  f o r  p o in t s  
in  th e  p la n e  w here th e  n e t  phase  a n g le  o f  KG(s) i s  1 8 0°.
H aving p roduced  a  r o o t  lo c u s ,  th e  d e s ig n e r  can r e a d i ly  s e e  th e  
d i f f e r e n t  ty p e s  o f  t r a n s i e n t  re sp o n se  w hich a re  a v a i la b le  f o r  th e  
c lo se d  loop  system . He can a l s o  o b ta in  g a in  and p h ase  m arg ins f o r  a 
p a r t i c u l a r  v a lu e  o f  K and can d e te rm in e  th e  freq u en cy  re sp o n se  o f  
th e  system  by d i r e c t  m easurem ent to  p o in t s  on th e  jio a x i s .
I f  a l l  th e  p o s s ib le  form s o f  t r a n s i e n t  re sp o n se  a re  u n a c c e p ta b le  
he can th e n  re sh a p e  th e  lo c u s  w ith  com pensating  p o le s  and z e ro s  in  
o rd e r  to  a c h ie v e  a  c lo se d  loop  p o le  z e ro  p a t t e r n  w hich i s  known to  
have th e  r e q u ir e d  p e rfo rm a n ce . U n t i l  r e c e n t ly  r o o t  l o c i  have been
p l o t t e d  m a n u a lly , w hich i s  a  v e ry  te d io u s  and tim e consum ing p ro c e s s .  
T here has a l s o  been  a  la c k  o f  a n a ly t ic s  d a ta  showing how th e  g e n e ra l  
shape o f  th e  lo c u s  depends on th e  r e l a t i v e  p o s i t io n s  o f  i t s  p o le s  and 
z e r o s .  Both th e s e  f a c t o r s  have s e r io u s ly  l im i te d  th e  u se  o f  r o o t  
lo c u s  m ethods in  e n g in e e r in g  d es ig n  and many o f  th e  un ique c a p a b i l i t i e s  
o f  th e  te c h n iq u e  have n o t y e t  been  f u l l y  e x p lo i te d .
In  th e  p r e s e n t  work th e  a u th o r  d e r iv e s  a n a l y t i c a l  c o n d i t io n s  w hich 
e n a b le  th e  r o o t  l o c i  o f  s im p le  system s to  be sk e tc h e d  d i r e c t l y  from  
th e  r e l a t i v e  p o s i t io n s  o f  t h e i r  p o le s  and z e r o s .  Many lo c u s  shap es  
a re  g iv en  w hich were p re v io u s ly  unknown and th e  s ig n i f i c a n c e  o f  t r a n s ­
i t i o n a l  form s o f  th e  lo c u s  a re  c o n s id e re d  in  r e l a t i o n  t o  c lo s e d  loop  
p e rfo rm a n ce . I t  i s  a l s o  shown t h a t  th e  p o le -z e ro  p a t t e r n s  o f  many' 
s im p le  system s can be n o rm a lise d  in  o rd e r  t o  d is p la y  a l l  p o s s ib le  form s 
o f  t h e i r  l o c i  on a  s in g le  map.
The v a r io u s  methods w hich have been p ro p o sed  f o r  a u to m a tic  ro o t  
lo c u s  p l o t t i n g  a re  a l l  shown to  have v e ry  s e r io u s  l i m i t a t i o n s . In  
many c a se s  i t  h as  been  found  t h a t  th e y  w ere u n ab le  t o  p l o t  even  s im p le  
l o c i . From a  s tu d y  o f  th e  re a so n s  why th e s e  methods f a i l  t o  p lo t  
r o o t  l o c i ,  th e  a u th o r  h a s  d ev eloped  a  new r e l i a b l e  com puter program  
w hich can a l s o  d e a l  w ith  th e  r o o t  l o c i  o f  system s w hich in c lu d e  p u re  
tim e  d e la y  o r  d i s t r i b u t e d  l a g .
The a b i l i t y  t o  p lo t  th e s e  l o c i  e n a b le s  th e  c lo se d  lo o p  p e rfo rm ­
ance o f  p u re  tim e  d e la y  system s t o  be o b ta in e d  d i r e c t l y  from  th e  
p rim ary  and e x t r a  d e la y  b ran ch e s  o f  th e  lo c u s .  I t  a l s o  makes p o s s ­
i b l e  th e  i d e n t i f i c a t i o n  o f  th e  open loop  dynam ics o f  p u re  tim e  d e la y  
system s from  m easurem ents o f  t h e i r  c lo se d  lo o p  re s p o n s e . The sp eed  
and a c c u ra c y  o f  th e  new p l o t t i n g  p ro ced u re  now makes i t  p r a c t i c a l  t o
u se  r o o t  lo c u s  m ethods f o r  th e  d e s ig n  o f  h ig h  o rd e r  m u lti lo o p  sy s te m s . 
To i l l u s t r a t e  t h i s  e x te n s io n  to  th e  te c h n iq u e ,  th e  a u th o r  h as  developed  
a  g e n e ra l  p o le -z e ro  method f o r  th e  d e s ig n  o f  a i r c r a f t  c o n t r o l  sy s te m s .
T h is  new method co up led  w ith  th e  a b i l i t y  t o  p lo t  pu re  tim e  d e la y  
l o c i  h as  now made i t  p o s s ib le  t o  i d e n t i f y  human p i l o t  t r a n s f e r  
fu n c t io n s  from  m easured f l i g h t  r e c o rd s  o f  th e  p i l o t - a i r c r a f t  re s p o n s e .
The d e te rm in a tio n  o f  a  r e l i a b l e  human p i l o t  t r a n s f e r  fu n c t io n  h as  
e n a b le d  th e  a u th o r  t o  d e s ig n  im proved m anual a i r c r a f t  c o n t r o l  s y s te m s . 
And in  p a r t i c u l a r  t o  s o lv e  th e  problem  o f  a i r c r a f t  o s c i l l a t i o n  cau sed  
by  th e  p i l o t  d u r in g  f l i g h t  v e c to r  e le v a t io n  t r a c k in g .
A lthough t h i s  work h as  been  c a r r i e d  o u t on an a i r c r a f t  c o n t r o l  
lo o p , th e  o r i g i n a l  te c h n iq u e s  which have been  developed  c o u ld  r e a d i ly  
be a p p l ie d  t o  th e  s o lu t io n  o f  s im i l a r  man-machine c o n t r o l  p roblem s 
a r i s i n g  in  o th e r  f i e l d s  o f  c y b e r n e t ic s .
ANALYTICAL PROPERTIES OF THE ROOT LOCI OF SIMPLE 
SYSTEMS WHICH OCCUR FREQUENTLY IN ENGINEERING DESIGN
2.1  In tro d u c t io n
The ro o t  lo c u s  te c h n iq u e  i s  now w id e ly  used  fo r  th e  d e s ig n  and 
s y n th e s is  o f  c o n tro l  sy s tem s . Loci a re  n o rm a lly  p lo t t e d  by means o f  a 
s p i r u le  w hich i s  used  to  lo c a te  th e  p o in t s  in  th e  com plex p la n e  where 
th e  n e t  p h ase  an g le  i s  180 d e g re e s .  The task  o f  p l o t t i n g  th e  lo c u s  i s  
s im p l i f ie d  by ap p ly in g  a s ta n d a rd  s e t  o f  r u le s  (1 ) which e n a b le  th e  
d e s ig n e r  to  o b ta in  th e  asy m p to tes , a x is  c r o s s in g s ,  and th e  s e t - o f f  
d i r e c t io n s  from  th e  open -lo o p  p o le s .
U n fo r tu n a te ly  th e s e  r u le s  do n o t show how th e  many d i f f e r e n t  form s 
o f  th e  lo c u s  depend on th e  r e l a t i v e  p o s i t io n s  o f  th e  open lo o p  p o le s  anid 
z e ro s .  U nless th e  d e s ig n e r  has some p r i o r  knowledge o f  th e  g e n e ra l 
shapes t h a t  can a r i s e  fo r  a p a r t i c u l a r  sy stem , th e n  p l o t t i n g  i t s  lo c u s  
can o f te n  be a v e ry  te d io u s  and tim e consuming p ro c e s s .  T h is  i s  
e s p e c ia l ly  t r u e  when th e  o p en -lo o p  p o le s  and z e ro s  a re  such t h a t  sm a ll 
changes in  t h e i r  r e l a t i v e  p o s i t io n s  cause  a r a d i c a l  change in  th e  shape 
o f  th e  lo c u s .
A lthough many p r a c t i c a l  system s can be re p re s e n te d  by q u i t e  s im p le  
p o le -z e ro  p a t t e r n s ,  v e ry  l i t t l e  a n a l y t i c a l  in fo rm a tio n  h as  been  a v a i l ­
a b le  showing how th e  lo c u s  shape depends on th e  r e l a t i v e  p o s i t io n s  o f  
th e  p o le s  and z e ro s .
2 .2  G eneral P r o p e r t ie s  o f  Root Loci
2 .2 .1  D e fin in g  e q u a tio n s
The r o o t  lo c u s  o f  a  u n i ty  n e g a t iv e  feedback  c o n tro l  system  h av in g  
an open loop  t r a n s f e r  fu n c tio n  KG(s) i s  d e f in e d  by th e  e q u a tio n
-1  = KG(s) 2 .2 .1
which i s  e q u iv a le n t  to  th e  two c o n d it io n s
a rg  G (s) = (2 r  + 1) it 2 .2. 2
and
|G (s) I = 1/K 2 .2 .3
The r o o t  lo c u s  p lo t  i s  th e r e f o r e  a g ra p h ic a l  s o lu t io n  o f  th e  
c h a r a c t e r i s t i c  e q u a tio n  1 + KG(s) = 0 and shows how th e  c lo se d  loop  
p o le s  o f  th e  system  depend on th e  loop  g a in  K.
The shape o f  th e  lo c u s  can be p lo t t e d  from th e  an g le  c o n d i t io n  
by s e a rc h in g  f o r  p o in ts  on th e  complex p la n e  w here th e  n e t  p h ase  
a n g le  KG(s) i s  180°, w h ile  th e  c lo se d  loop  p o le s  f o r  a  p a r t i c u l a r  
v a lu e  o f  K a re  o b ta in e d  from  th e  p o in ts  on th e  lo cu s  w hich a l s o  
s a t i s f y  th e  modulus c o n d i t io n  e q u a tio n  ( 2 .2 .3 ) .
T here a ls o  e x i s t s  a g e n e ra l c a r t e s i a n  e q u a tio n  to  a r o o t
■k,
lo c u s  w hich was f i r s t  d is c o v e re d  in  1958 by M ikLailov ( 2 ) .
He has shown t h a t  by w r i t in g  e q u a tio n  (2 .2 .1 )  in  th e  form
i t  i s  p o s s ib le  to  o b ta in  a  g e n e ra l c a r t e s i a n  e q u a tio n  f o r  th e  shape
o f  th e  r o o t  lo c u s  in  te rm s o f  th e  d e r iv a t iv e s  o f  Z(x) and P (x ) w ith
r e s p e c t  to  x .
A pplying h is  e x p re s s io n  to  a  t h i r d  o rd e r  system  f o r  exam ple, th e
g e n e ra l c a r t e s i a n  e q u a tio n  o f  th e  lo c u s  i s  g iv en  by
The M ik la ilo v  e x p re s s io n  g r e a t ly  red u ce s  th e  a lg e b r a ic  man­
ip u l a t i o n  re q u ire d  to  o b ta in  th e  c a r t e s i a n  e q u a tio n  and has been  
p a r t i c u l a r l y  u s e fu l  f o r  e v a lu a t in g  th e  a n a l y t i c a l  p r o p e r t i e s  o f  
s im p le  l o c i .
P '( x )  Z"(x) 
2 1
+
P "(x ) Z '(x )  
2 1
-  P "»(x) Z(x) = 0 2 .2 .5
2 .2 02 S a l i e n t  f e a tu r e s  o f  r o o t  lo c u s  shapes
C e r ta in  f e a tu r e s  o f  a r o o t  lo c u s  a re  o f  p a r t i c u l a r  i n t e r e s t  and 
a re  n o rm ally  exam ined p r io r  to  making a g e n e ra l s k e tc h  o f  i t s  sh ap e .
The c e n t r e  o f  g r a v i ty
W ritin g  e q u a tio n  2 .2 .1  in  th e  form
1
j=N
n O + p J
3=1 3
2 . 2 . 6
th e  c e n t r e  o f  g r a v i ty  o f  th e  open loop  p o le -z e ro  p a t t e r n  i s  g iv en
by
i=M
Z. 2 .2 . 1l
T h is  p o in t  on th e  r e a l  a x is  i s  th e  p o s i t i o n  o f  th e  (N-M) th  o rd e r
p o le  w hich i s  e q u iv a le n t  to  th e  system  f o r  la rg e  v a lu e s  o f  S.
A sym pto tic  b e h a v io u r o f  th e  lo c u s
The asym pto tic  shape o f  th e  lo c u s  w i l l  th e r e f o r e  be d e f in e d  by 
th e  (N-M) s t r a i g h t  l i n e  b ran ch e s  from th e  e q u iv a le n t  p o le  a t  th e  c e n t r e  
o f  g ra v ity o  These b ran ch e s  can be r e a d i ly  c o n s tru c te d  and r a d i a t e  from
th e  (N-M) th  o rd e r  p o le  a t  an g le s  o f  (2 r+ l)/(N -M ) w here r  = 0 ,  1 , 2 . .  N-M -l.
Break P o in ts
Most r o o t . l o c i  have b ran ch es  which a re  p a r t l y  r e a l  and p a r t l y  
com plex. The t r a n s i t i o n  o ccu rs  a t  a c o in c id e n t p a i r  o f  c lo se d  loop  
p o le s  and i s  known as a  b reak  p o in t .
Break p o in ts  can th e r e f o r e  be lo c a te d  d i r e c t l y  from th e  M ik la ilo v  
e q u a tio n  o f  th e  lo c u s  from  th e  v a lu e s  o f  x a t  w hich th e  com plex b ra n c h e s  
c ro s s  th e  r e a l  a x i s .
A l te r n a t iv e ly  th e y  can be lo c a te d  from  th e  f a c t  t h a t  a t  a  b re a k  
p o in t  K re a c h e s  a s t a t io n a r y  v a lu e  w ith  r e s p e c t  to  x ,
Hence th e  b re a k  p o in ts  can a ls o  be o b ta in e d  from th e  s o lu t io n  o f  
th e  e q u a tio n
= 0 2 . 2. 83x
The e x i t  p o in t s  a re  in  f a c t  th e  maxima w h ile  th e  minima o f  th e
f u n c t io n  K(x) o ccu r a t  th e  r e - e n t r y  p o i n t s „ The n a tu re  o f  th e  b reak
p o in t  can th e r e f o r e  be d e te rm in ed  from  th e  s ig n  o f -------- 0
9x2
Many l o c i  have more th a n  one b reak  p o in t  and th e  p o le -z e ro  
p a t te rn  f o r  which th e y  c o in c id e  n o rm ally  g iv e s  r i s e  to  a t r a n s i t i o n a l  
form  o f  th e  lo c u s .  S in ce  th e  rem a in in g  b a s ic  shapes o f  th e  lo c u s  a r i s e  
betw een th e  t r a n s i t i o n a l  fo rm s, th e n  th e s e  e x is te n c e  c o n d it io n s  a re  
v e ry  u s e f u l  f o r  r e l a t i n g  th e  g e n e ra l shape o f  th e  lo cu s to  th e  
r e l a t i v e  p o s i t io n s  o f  th e  p o le s  and z e ro s .  '
2 .2 .3  I n v a r ia n t  p r o p e r t i e s  o f  p o le -z e ro  p a t t e r n s
The g e n e ra l shape o f  a r o o t  lo cu s  depends on ly  on th e  r e l a t i v e
p o s i t io n s  o f  th e  open loop p o le s  and z e ro s .  Hence any p ro p e r ty  o f  th e  
c lo se d  loop  p o le -z e ro  p a t t e r n  which i s  in d ep en d en t o f  lo o p  g a in  K, w i l l  
have d i r e c t  a p p l ic a t io n  in  d e te rm in in g  th e  shape o f  th e  lo c u s .
The p o s i t i o n  o f  th e  c e n t r e  o f  g r a v i ty
The c lo se d  loop  p o le s  o f  th e  system  f o r  a p a r t i c u l a r  v a lu e  o f  K 
a re  th e  ro o ts  o f  th e  c h a r a c t e r i s t i c  e q u a tio n
j=N : i=M .
n (s  + p . )  + K n (s  + Z.)  = 0 2 .2 .9
j=l 1 i=l 1
w hich can a ls o  be w r i t t e n  as
j=N
n (s + a . )  = 0  2 . 2 . 1 0
j= i  3
For system s in  which (N-M)>;2 th e  open and c lo se d  loop  p o le  p o s i t i o n s
a re  th e r e f o r e  r e l a t e d  by th e  e q u a tio n  (J  a .  = J  p . ) ,
3 J
Hence from  e q u a tio n  (2 .2 .7 )  i t  can be seen  th a t  th e  c e n t r e  o f  
g r a v i ty  o f  th e  c lo se d  loop  p o le s  i s  in d ep en d en t o f  K and rem ains f ix e d  
a t  th e  c e n t r e  o f  g r a v i ty  o f  th e  open loop  p o le s .
The p ro d u c t o f  th e  v e c to r s  from  th e  p o le s  to  one o f  th e  z e ro s  
T r a n s f e r r in g  th e  o r ig in  o f  c o -o rd in a te s  to  th e  ze ro  a t  s  = -Z^ by
means o f  th e  s u b s t i t u t i o n s  s ’ = s + Z , ,  p .*  = p . -  Z , ,  and Z. 1 = Z. -  Z ,,
K J  J  K 1  1  K
th e  c h a r a c t e r i s t i c  e q u a tio n  f o r  th e  c lo se d  loop  p o le s  becomes
j=N i= k - l  i=M-k
n ( s '  + p .» )  + k s '  n ( s ' + z . * )  n ( s ' + z . * )  = o 2 .2 .1 1
j=l 3 i=l 1 . i= k+ l 1
Hence p ro v id e d  (N-M) £ 1 , th e  p ro d u c t o f  th e  v e c to r s  from  th e  c lo s e d  loop
p o le s  to  th e  zero  a t  s = -Z^ w i l l  be in d ep en d en t o f  K and i s  g iv e n  by
i=N ' •
n p .* .  T h is  i s  a p a r t i c u l a r l y  u s e fu l  i n v a r i a n t  p ro p e r ty  o f  th e
j= l  J
c lo se d  loop  p o le -z e ro  p a t t e r n  and has  en ab led  th e  a u th o r  to  d i r e c t l y  
e s t a b l i s h  th e  r o o t  lo c u s  to p o lo g y  o f  many s im p le  sy stem s.
2 .3  R e la t io n s h ip s  betw een th e  ro o t  lo c u s  shapes o f  s im p le  sy stem s and 
th e  r e l a t i v e  p o s i t io n s  o f  t h e i r  open lo o p  p o le s  and ze ro s
2 .3 .1  I n tro d u c t io n
W hile T r u x a l 's  R ules g iv e  a c l e a r  in d ic a t io n  o f  th e  a sy m p to tic
shape o f  a  lo c u s ,  th e y  f a i l  to  show how i t s  many d i f f e r e n t  g e n e ra l form s
depend on th e  r e l a t i v e  p o s i t io n s  o f  th e  p o le s  and z e ro s .  S im ple
a n a l y t i c a l  r e l a t i o n s h ip s  betw een lo c u s  shape and p o le -z e ro  p a t t e r n  do ,
how ever, e x i s t  f o r  many system s up to  fo u r th  o r d e r ,  and e n a b le  th e
d e s ig n e r  to  o b ta in  a v e ry  r a p id  s k e tc h  o f  th e  ro o t  lo c u s .
A ttem pts to  e s t a b l i s h  th e  ro o t  lo cu s  to p o lo g y  o f  h ig h e r  o rd e r  sy stem s 
have been  made by T eodorch ik  and B endrikov (3) and more r e c e n t ly  by Power (4 ) .  
A lthough t h e i r  work u n d o u b ted ly  c o n t r ib u te s  to  ou r knowledge o f  th e  
geom etry o f  h ig h e r  p la n e  c u rv e s ,  i t  i s  d i f f i c u l t  to  see  how i t  can be u sed
to  a s s i s t  in  th e  s k e tc h in g  o f  a r o o t  lo c u s „ In  g e n e ra l r o o t  l o c i  o f  
system s above fo u r th  o rd e r  sh o u ld  be p lo t t e d  u s in g  a com puter as 
e x p la in e d  in  C hap ter 3 e
The a u th o r  h a s ,  how ever, found th a t  th e r e  a re  some sim p le  a n a l y t i c a l  
r e s u l t s  w hich app ly  to  im p o r ta n t s p e c ia l  c a se s  such as ty p e  3  sy s te m s , 
and th e s e  a re  g iven  in  a su p p o r tin g  p u b l i c a t io n  r e f  (5 ) .
2 .3 .2  The ro o t  lo c i  o f  second o rd e r  system s
The g e n e ra l e q u a tio n  f o r  th e  ro o t  lo cu s  o f  a second o rd e r  system  
can be w r i t t e n  in  th e  form
-  1 = K(s + a) (s + b) _ K Z (s)(s  + c) (s  + d) P (s) 2 .3 .1
where th e  z e ro s  a and b a n d /o r  th e  p o le s  c and d , can be e i t h e r  r e a l  
o r  com plex.
In  t h i s  c a se  th e  M ik la ilo v  g e n e ra l e x p re s s io n  f o r  th e  c a r t e s i a n  
e q u a tio n  o f  th e  lo cu s  red u ce s  to
y [P(x) Z1 (x) -  Z(x) P’ (x )]  + y 3 P»(x) Z "(x) Z '(x )  P "(x)
21 "  21 =  0 2 .3 .2
From which
y = 0  o r
[ (c+d) -  (a+ b)] x2 + L (c+ d)-(a+ b) J  y 2 + 2  (cd -ab ) x
-  (a+b) cd - (c+d) ab = 0 2 .3 .3
Hence th e  complex ro o t  lo c u s  b ran ch es  o f  a second o rd e r  sy stem .fo rm  
p a r t  o f  a c i r c l e  whose c e n tre  and r a d iu s  can be o b ta in e d  from  e q u a tio n  
( 2 o 3 . 3 ) .  In  th e  case  o f  a  system  w ith  o n ly  one z e ro , th e  c e n t r e  and 
ra d iu s  can a ls o  be d e te rm in ed  d i r e c t l y  from  th e  in v a r i a n t  v e c to r  p ro d u c t 
p ro p e r ty  o f  r o o t  lo c i  g iv en  in  s e c t io n  ( 2 02 03 ) .
A n a ly t ic a l  r e l a t i o n s h ip s  betw een lo c u s  shape and p o le  ze ro  p a t t e r n  
have been e s ta b l i s h e d  f o r  many second o rd e r  system s and th e s e  a re  
sum m arised in  a s e r i e s  o f  s u p p o r tin g  p u b l ic a t io n s  se e  r e f s  (5 , 6 , 7 ) .
2 .3o3  Root Loci o f  T hree P o le  System s
In  t h i s  ca se  a l l  p o s s ib le  shapes o f  th e  lo c u s  can be in v e s t ig a t e d  
by c o n s id e r in g  th e  g e n e ra l e q u a tio n  o f  th e  ty p e  0 sy stem . T h is  can 
be w r i t t e n  in  n o rm a lise d  form  as fo llo w s :
The case  o f  th r e e  r e a l  p o le s  th e n  co rresp o n d s  to  £ > 1 , w h ile  
th e  ty p e  I system  i s  th e  s p e c ia l  c a se  A = 0 . T here a re  9 d i f f e r e n t  
g e n e ra l shapes o f  r o o t  lo c u s  f o r  th e  ty p e  0  system  and th e s e  a re  shown 
in  F ig s  (2 .1 )  and ( 2 .2 ) .
I t  sh o u ld  be n o te d  t h a t  th e  fo llo w in g  a n a ly s is  which was u sed  to  
e s t a b l i s h  th e s e  shapes a ls o  in c lu d e s  th e  3 b a s ic  forms o f  th e  lo c u s  
p re v io u s ly  d isc o v e re d  by Meadows (8 ) f o r  th e  s p e c ia l  ca se  (A = 0 , £ > 1 ) .
C a r te s ia n  e q u a tio n
The M ik la ilo v  g e n e ra l e x p re s s io n  in  t h i s  ca se  red u ce s  to
1
K 2 .3 .4
(s+ A )(s2+2 £ S + 1 )
2 .3 .5
from w hich
y = 0 2 .3 .6
o r
y 2 = 3x2 + 2(A+2c) x + 1 + 2A$ 2 .3 .7
Real a x is  b reak  p o in ts  • '
An i n i t i a l  s u b d iv is io n  o f  lo c u s  shapes can be o b ta in e d  by d e t e r ­
m in ing  th e  p o le  p a t t e r n s  w hich g iv e  r i s e  to  complex b ran ch e s  i n t e r ­
s e c t in g  th e  r e a l  a x i s .
For t h i s  to  o c c u r th e  ro o ts  o f  th e  e q u a tio n
3x2 + 2 (A + 2c )x  + 1 + 2AC = 0 2 .3 .8
m ust be r e a l  and a ls o  s a t i s f y  th e  e q u a tio n  o f  th e  lo c u s .  The p o le  
p o s i t io n s  a re  th e r e f o r e  r e s t r i c t e d  to  v a lu e s  o f  A and £ fo r  which
4 c  > A + 1/ 3 (4 -A2)
Hence th e  lo c u s  has two b reak  p o in ts  f o r  C < 1 (s e e  F ig  2 .1  f ) ,  and
one b re a k  p o in t  f o r  £ > 1 (s e e  F ig  2 .2  a ) .
T r a n s i t io n a l  shapes o f  th e  lo cu s
The n e x t s te p  tow ards id e n t i f y in g  th e  many d i f f e r e n t  form s o f  
th e  lo c u s  i s  to  d e te rm in e  th e  p o le  p a t t e r n s  which g iv e  r i s e  to  th e  
t r a n s i t i o n a l  sh a p e s . These o ccu r when two r e a l  a x is  b reak  p o in ts  
c o in c id e ,  i . e .  when
4£ = a  ± /3  (4-A2) 2 .3 .9
Under th e s e  c o n d it io n s  th e  c a r t e s i a n  e q u a tio n  o f  th e  lo c u s  re d u c e s  to  
a p a i r  o f  s t r a i g h t  l i n e s  w hich p a s s  th ro u g h  th e  c e n tre  o f  g r a v i ty  o f  
th e  p o le s ,  i . e .
The lo c u s  th e n  c o in c id e s  w ith  i t s  asym pto tes as  shown in  F ig s  (2 .1  b ,e )  
and F ig  (2 .2  c ) .
w1=v/wn(con+2Ca)
A’m“ 2Eeo#1(fl2+2E«#Ifl+wl,J)
P y j(2Ccon+fl)
(a)
(s+fl)(s?4-2£co,,s+con2)
C£on<a
a - J  K I m , * - a 7 )
E>
- a
U o„
■K— £
w,=yw„(co/,+ 2 o^)
^  = 2Econ(fl2+2Cwna+wn2) 
/ T » - j l 2£wn+fl]
(C)
+-to,
+cr
(5 + f l) (S 2 +2CC0n S + 0 ) n2) 
C«On>fl
r  a + /3 (4 co n2- a 2
«,=/«„ (w„ + 2t;fl) 
/rm=2Coon(a2+2^ confl+con2) \  
/, =--y[2Cwn + a]
(e)
-i/A ~w>
£0 ] = J ( t i n [ i t i n + 2 ^ a )
Km  =  2 i o i n [ a 7 + 2 l c t i n a + i t i ^ )  
/>, = - y [ 2Ewn + fl]
(b)
-C O ,
(s+fl){s2+2^cons+co„2)
£ c o „ > a
fl+/3(4co,,2- f l 2)c< 4co„
- a +a
to i= /^ V ^ + 2lcT
2^COn |fl2 +  2^COnfl +co„2) 
/>, = - y [ 2 C c o „ + a ]
A 60r —<~K
(d)
( j+ f l ) ( s2 + 2Cconj  + con2) 
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Fig 2.1 The Root Loci of a Three Pole Type 0 System for £ < 1.
Is+ fi)(s+ £ )(s  + c)
coj =  J a b  + b c + a c  
Km =  {a + £ )(c  + c ) (6  + c)
/», = -y  [o+^  + c]
Pj = —j ^f l +i +c - J a i +b7+ c7- lab+bc+ac)  J ^
(a)
+  J60
2nd-a + a r
- b - a
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(s + fl) 60
3rd.- a
+JC0
0 0  ' ' (c )
Fig 2.2 The Root Loci of a Three Pole Type 0 System for £ £ 1.
The rem a in in g  lo c u s  shapes th e n  o ccu r f o r  p o le  p o s i t io n s  which l i e  on 
e i t h e r  s id e  o f  th e  t r a n s i t i o n a l  form s o f  th e  lo cu s  and a re  shown in  
F ig s  2 .1  and 2 .2 .  F u r th e r  a s s i s ta n c e  in  s k e tc h in g  a p a r t i c u l a r  
g e n e ra l shape i s  a ls o  g iv en  in  th e  form  o f  a n a ly t i c a l  e x p re s s io n s  f o r  
th e  r e a l  a x is  b reak  p o in t s ,  im ag in ary  a x is  c ro s s in g s  and th e  maximum 
g a in  f o r  c lo se d  loop  s t a b i l i t y .
The a u th o r  has a ls o  o b ta in e d  th e  r o o t  lo cu s  shapes a s s o c ia te d  w ith  
many o th e r  commonly o c c u r r in g  ty p e  0  system s and th e s e  a re  g iv e n  in  
a  s u p p o r tin g  p u b l i c a t io n  r e f  ( 5 ) .
T hree p o le  ty p e  I system s
The th r e e  p o le  Type I system  a r i s e s  v e ry  f r e q u e n t ly  in  p r a c t i c e  
and i s  f o r  exam ple th e  b a s ic  p o le  p a t t e r n  o f  a s im p le  rem ote p o s i t i o n  
c o n tro l  sy stem . The r e s t r i c t i o n  o f  p la c in g  one o f  th e  p o le s  a t  th e  
o r ig in  g r e a t ly  re d u c e s  th e  number o f  lo c u s  shapes t h a t  can a r i s e  com­
p a red  w ith  th e  ty p e  0 sy stem . I t  a ls o  g iv e s  v e ry  much s im p le r  a n a l y t i c a l  
r e l a t io n s h ip s  f o r  th e  r e l a t i v e  p o le  p o s i t io n s  co rre sp o n d in g  to  t r a n s ­
i t i o n a l  form s o f  th e  lo c u s .
T here a re  in  f a c t  o n ly  fo u r  d i f f e r e n t  g e n e ra l locus shap es  in  
t h i s  ca se  and th e s e  a re  as shown in  F ig  2 .3 .
2 .3 .4  T h ird  o rd e r  system s w ith  one zero
The g e n e ra l e q u a tio n  o f  th e  lo c u s  in  t h i s  c a se  i s  
, = K (s + b)
f •) . rs 2 .3 .1s ( s z + 2 £S + 1 )
and th e  in t r o d u c t io n  o f  a ze ro  in to  th e  open loop system  g iv e s  r i s e  
to  16 d i f f e r e n t  g e n e ra l shapes o f  th e  lo c u s ,  d e t a i l s  o f  which a re  
g iv en  in  th e  a u th o r 's  su p p o r tin g  p u b l ic a t io n  r e f  (6 ) .
+cr- a
jco
+ JCO
S [ S2 4-2£C*>/)S +  G0„2]
r ^ y f T
+cr- a
jw
5[s2 + 2£cOnS + CO„2]
y r CO = COn
^n"2£“ «3
P2 = - ^ l  2 i + f i ^ - 2 ]
/>3= - ^ [ 2 £ - / ^ 2-3]
(C)
——— <— K -
- a
K m * = a b l a + b )
^ — 1(0+4)
/>2 = - i [ fl+i_yoi+i2-flA]
- - J a b
- j w \
(d)
Fig 2.3 The Root Loci of a Three Pole Type I System.
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ty p e  2 system  whose lo c u s  i s  d e f in e d  by th e  e q u a tio n
2 = K(s+b)
2 . 3 . 1 2s 2 (s+a)
I t  a r i s e s  f o r  example in  th e  p h ase  advance s t a b i l i s a t i o n  o f  a 
VoTeOoLo a i r c r a f t  and i s  a l s o  th e  b a s ic  p o le -z e ro  p a t t e r n  f o r  th e  
p ro p o r t io n a l  p lu s  i n t e g r a l  com pensation  o f  a s im p le  p o s i t i o n  
c o n tro l  system,,
The c a r t e s i a n  e q u a tio n s  f o r  th e  lo c u s  in  t h i s  c a se  a re  
y = 0 2 .3 .1 3
o r
2  _ 2x 3 + (a  + 3b) X 2  + 2abx A
y  ( b - a - 2 x)
Hence p ro v id ed  x f  ][(b-a) i . e .  th e  c e n tre  o f  g r a v i ty  o f  th e  
p o le -z e ro  p a t t e r n ,  th e n  th e  complex b ran ch es  o f  th e  lo c u s  c ro s s  th e  
r e a l  a x is  when
x = 0 ,  o r  x = -  |[a + 3 b  ± / a z + 9bz -  lOab ] 2 .3 .1 5
The b reak  p o in ts  w i l l  c o in c id e  and g iv e  r i s e  to  a t r a n s i t i o n a l  lo c u s
shape when
a 2 -  lOab + 9b2 = 0  2 .3 .1 6
From which a  = b o r  a  = 9b ,
S in ce  a ^ b , th e n  th e  9 :1  r a t i o  a p p l ie s  in  t h i s  c a se  and th e  
c lo se d  loop  system  can have a t r i p l e  p o le  a t  x = - 3 b .
Four g e n e ra l lo c u s  shapes a r i s e  f o r  t h i s  system  and th e s e  a r e  
shown in  F ig  2 ,4 .
2nd + CT-a
- a
jco
+a- a
- a .
•jco
(a) -(b)
2nd +cr-a
- b- a
- j c o
(C)
K[s+b) +jco
2nd + 0~cr
- b
P ^ - j l a - b ]
/>2“ “ i [ fl+3A+/ fl2 + 9A2" 10oA]
P j = - \ [ a + 3 b - / a U ^ b ^ m b ]
- j c o
(d)
F ig  2 .4  Root Loci o f  a T h ird  O rder Type 2 System  w ith  one r e a l  z e ro .
H aving s u c c e s s f u l ly  e s ta b l i s h e d  th e  r e l a t i o n s h ip  betw een th e  lo c u s  
shape o f  s im p le  system s and th e  r e l a t i v e  p o s i t io n s  o f  t h e i r  p o le s  and 
z e ro s ,  i t  was d ec id ed  to  i n v e s t ig a t e  th e  p o s s i b i l i t y  o f  d is p la y in g  a l l  
p o s s ib le  r o o t  lo c u s  shap es  o f  a system  on a s in g le  map0 The d i f f e r e n t  
g e n e ra l forms o f  th e  lo c u s  would th e n  be a s s o c ia te d  w ith  v a r io u s  
re g io n s  o f  th e  map, and th e  t r a n s i t i o n a l  lo c u s  shapes would o ccu r on 
th e  b o u n d a rie s  betw een th e s e  r e g io n s .
T h is  new co n cep t in  r o o t  lo c u s  th e o ry  can be a p p lie d  to  any 
system  in  w hich th e  r e l a t i v e  p o le -z e ro  p o s i t io n s  can be e x p re s se d  in  
te rm s o f  two p a ra m e te r s .  The main p o in t  w hich seems to  have been 
m issed  by o th e r  w orkers in  t h i s  f i e l d  i s  th e  f a c t  t h a t  th e  shape o f  
a  r o o t  lo c u s  i s  in d e p en d en t o f  i t s  o r ig i n  and s c a l e .  T h is  means 
t h a t  any p o le  o r  zero  can be a r b i t r a r i l y  chosen as th e  o r ig in  and 
th e  rem a in in g  p o le -z e ro  p o s i t i o n s  can th e n  be n o rm a lised  in  o rd e r  to  
m in im ise th e  number o f  in d e p en d en t v a r i a b le s .
N orm alised  e q u a tio n s
The r o o t  lo c u s  e q u a tio n s  o f  any fo u r  p o le  system  which has two o r  
more r e a l  p o le s  can be ex p re sse d  in  th e  form
- I  = —  --------   2 .3 .1 7
S(S+A)(S2 +2Cs+1)
From w hich th e  c o rre sp o n d in g  c a r t e s i a n  e q u a tio n s  a re  g iven  by
Y = 0 2 .3 .1 8
and
2  4X3+3(A+2g)X2 +2(1+2AC)X+A
" (4X+A+2C)
Hence a l l  p o s s ib le  shapes o f  th e  lo c u s  can th e r e f o r e  be in v e s t ig a te d
in  te rm s o f  th e  n o rm a lised  open loop  p o le  p a ra m e te rs  A and
xii cue ca se  o r  a system  w itn  two p a i r s  o r  . complex poxes 
e q u a tio n  can be w r i t t e n  i n  th e  form
- i  = ---------- - X L - . . ---------- ---
(S2 +o)r 2) (S2 +2^S+1) 
and th e  c a r t e s io n  e q u a tio n  i s  g iv en  by
y 2  = 2X3+2?X2 +(l+tor 2) X+?ur 2
(2 X n ) "
The two n o rm a lised  param eters a re  th e n  and £.
T r a n s i t io n a l  lo c u s  shapes
D e ta i le d  in v e s t ig a t io n  o f  th e  ro o ts  o f  th e  c a r t e s i a n  e q u a tio n  g iv e s  
th e  r e l a t i o n s h ip s  betw een th e  n o rm a lise d  p a ra m e te rs  c o rre sp o n d in g  to  
t r a n s i t i o n a l  form s o f  th e  lo c u s .  When th e s e  r e l a t i o n s h ip s  a re  p lo t t e d  
in  th e  (A, c) and (w^, c) p la n e s  th e y  form  b o u n d a rie s  which r e p r e s e n t  
th e  r e l a t i v e  p o le  p o s i t io n s  where th e  lo c u s  undergoes a r a d i c a l  change 
in  i t s  g e n e ra l sh ap e .
Once th e s e  b o u n d a rie s  had been e s ta b l i s h e d ,  th e  rem a in in g  lo c u s  
shapes were r e a d i ly  o b ta in e d  and a l l  p o s s ib le  form s o f  th e  lo c u s  w ere . 
th e n  d is p la y e d  on th e  two maps shown in  F ig s 2 .5  and 2 .8 .  As a f u r t h e r  
a id  to  s k e tc h in g  each g e n e ra l form o f  th e  lo c u s ,  a n a l y t i c a l  e x p re s s io n s  
w ere a ls o  p roduced  fo r  b reak  p o in t s ,  a x is  c r o s s in g s ,  and th e  maximum 
v a lu e s  o f  K f o r  c lo se d  loop  s t a b i l i t y .  Examples o f  t h i s  d a ta  f o r  some 
o f  th e  shapes in  th e  (A, £) map a re  shown in  F ig s  2 .6  and 2 .7 .
For f u l l  d e t a i l s  o f  th e  a n a ly s is  u sed  to  e s t a b l i s h  th e  two n o rm al­
i s e d  m aps, th e  re a d e r  i s  r e f e r r e d  to  th e  a u t h o r 's  r e c e n t  p a p e r "The 
Root Loci o f  Four P o le  System s" r e f  ( 9 ) .
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F ig  2 .6  Loci f o r  th e  symmetry c o n d i t io n  A = 2£.
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Fig 2.7 Locus shapes for £ in the range /5/2 ^ ^ /2
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Fig  2 .8  V a r ia t io n  o f  lo c u s  shape w ith  and 5 .
2.4  m e Root Loci and Closed Loop Responses o f  Systems in  which the
C losed jLiOop v o ie s  o ccu r a t  o r  v e r t i c a l l y  i n - l i n e  w ith  th e  c e n t r e  
o f  g r a v i ty  o f  th e  open loop  p o le s
2*4.1  In tro d u c t io n
Many p re v io u s ly  unknown ro o t  lo c u s  shapes were g iv en  in  s e c t io n  2 .3 ,  
and th e s e  in  tu r n  g iv e  r i s e  to  th e  p o s s i b i l i t y  o f  many new form s o f  
p o le -z e ro  p a t t e r n  fo r  th e  c lo se d  loop  sy s te m s . Of p a r t i c u l a r  i n t e r e s t  
a re  th o s e  lo c u s  sh ap es  w hich en ab le  th e  d e s ig n e r  to  p la c e  th e  c lo se d  
loop  p o le s  a t  o r  v e r t i c a l l y  i n - l i n e  w ith  th e  c e n t r e  o f  g r a v i ty  o f  th e  
open loop  p o le s .  A s e l e c t io n  o f  th e s e  lo c u s  shapes i s  c o n s id e re d  and 
th e  s ig n i f i c a n c e  o f  th e  i n - l i n e  p o le  d i s t r i b u t i o n  i s  d is c u s s e d  in  
r e l a t i o n  to  th e  t r a n s i e n t  re sp o n se  o f  th e  c lo s e d  loop  sy stem .
The tim e re sp o n se s  g iv en  in  t h i s  t h e s i s  w ere o b ta in e d  u s in g  a new. 
d i g i t a l  s im u la tio n  language developed  by th e  a u th o r .  D e ta i ls  o f  th e  
s t r u c t u r e  o f  th e  language  to g e th e r  w ith  i t s  e x te n s io n  to  th e  s im u la t io n  
o f  p u re  tim e  d e la y  system s i s  g iven  in  Appendix No. 1*
2 .4 .2  Zero s e n s i t i v i t y  th r e e  p o le  system s
An e a r ly  a tte m p t to  connec t r o o t  lo c u s  shape  w ith  c lo se d  loop  
p erfo rm ance  was made by Hannoc Ur (10) who d e f in e d  c lo se d  loop  
s e n s i t i v i t y  to  g a in  change as
 ^ 2 4 1G(s) dx .*A
From t h i s  d e f i n i t i o n  th e  s e n s i t i v i t y  i s  ze ro  a t  n o n - s in g u la r  p o in t s  
on th e  lo c u s  where th e  g r a d ie n t  i s  z e ro .
A lthough t h i s  d e f i n i t i o n  has n o t been  w id e ly  adop ted  in  system s 
a n a ly s i s ,  th e  a u th o r  has found t h a t  c lo se d  loop  p o le s  p la c e d  a t  z e ro  
g r a d ie n t  p o s i t i o n s  on th e  lo c u s  o f te n  g iv e  r i s e  to  v e ry  i n t e r e s t i n g  
forms o f  c lo se d  loop  re s p o n s e .
C on sid er f o r  example th e  case  o f  a T hree P o le  Type 0 sy stem .
From th e  ro o t  lo c i  o f  t h i s  system  which a re  g iv en  in  F ig s  2 .1  and 2 .2 ,  
i t  can be seen  th a t  th e  ze ro  g ra d ie n t  c o n d it io n  a r i s e s  f o r  th e  c a se  £ > a 
and 4c < a  + /3 ( 4 - a z ) (F ig  2 .1 c ) .
Under th e s e  c o n d it io n s  th e  complex b ran ch e s  have a minimum p o in t  
w hich o ccu rs  when
=■ 6 x + 2 (a  +2s) = 0  2 .4 .2
From w hich
x = - y  (a  + 2^) 2 .4 .3
th e  c o rre sp o n d in g  v a lu e  o f  y i s  g iv en  by 
y = -  (4C2  + a^ -  2 ac) 2 .4 .4
Hence th e  minimum p o in t  i s  s i t u a t e d  v e r t i c a l l y  above th e  c e n t r e  
o f  g r a v i ty  o f  th e  open loop  p o le s .
S in ce  th e  c e n tre  o f  g r a v i ty  o f  th e  c lo se d  loop  p o le s  rem ains 
in v a r i e n t  in  t h i s  c a s e ,  th e n  th e  t h i r d  c lo se d  loop p o le  w i l l  be 
lo c a te d  on th e  r e a l  a x is  a t  x 3 g iv en  by
x 3 -  2 3  2sj  = -  (a  + 2 0  2 .4 .5
From which
x 3 = - 3  fa  + 2^J 2 .4 .6
Hence a l l  th e  c lo se d  loop  p o le s  a re  v e r t i c a l l y  i n - l i n e .
To a c h ie v e  t h i s  c lo se d  loop  p o le  d i s t r i b u t i o n  th e  g a in  K m ust be 
s e t  to  a v a lu e  Kq g iven  by
i v n e n  i n e  c o m p l e x  c i u s e u  l u u p  p u i e b  . a x e  c i i i g i i e u  v v i l i i  u i e  > u n x u  p u i c  u l  
th e  c e n tre  o f  g r a v i ty ,  th e  c lo se d  loop  t r a n s f e r  fu n c tio n  can be 
e x p re sse d  in  th e  form
C K0_  (s ) =    2----------------
R (s+a) ( s 2+2^as+con 2) 2 .4 .8
w here
a = and u)n 2 = 1 - 1  (4 c -a )  (c -a )
The c lo se d  loop im pulse  re sp o n se  can th e n  be ex p re ssed  d i r e c t l y
in  te rm s o f  th e  ro o t  lo c u s  p o le  p o s i t io n s  shown in  F ig  2 .9 (b )  and i s
g iv en  by
|P P | 2 |AP | e - M *  (1_cos (P p t ) )
c ( t )  = -2 -1 ------------------ 1 2 .4 .9
l Pl P?.l2
Hence th e  i n - l i n e  c lo se d  loop  p o le  d i s t r i b u t i o n  g iv e s  r i s e  to  a non­
n e g a t iv e  im pu lse  re sp o n s e , exam ples o f  w hich a re  shown in  F ig  2 .1 0 .
The l im i t in g  ca se  o f  th e  n o n -n e g a tiv e  re sp o n se  o ccu rs  when 
4C = a  + /3 ( 4 - a z ) . In  t h i s  c a se  th e  lo cu s  has th e  t r a n s i t i o n a l  shape
shown in  F ig  2 .9 ( a ) ,  and a l l  th r e e  c lo se d  loop  p o le s  a re  lo c a te d  a t  th e
c e n t r e  o f  g r a v i t y .  The c lo s e d  loop  system  th e n  has a Benomial re sp o n se  
g iv en  by
K
c ( t )  = t 2 e ' a t  2 .4 .1 0
The t h i r d  o rd e r  ty p e  I system
The n o n -n e g a tiv e  im pu lse  re sp o n se  i s  o f  c o u rse  a s s o c ia te d  w ith  a
n o n -o v e rsh o o tin g  s te p  re s p o n s e . I t s  main advan tage  w i l l  th e r e f o r e
o ccu r f o r  th e  ty p e  I system  w hich a ls o  has a ze ro  s te a d y  s t a t e  e r r o r  
f o r  a  s te p  in p u t .
In  t h i s  ca se  th e  a n a ly t ic a l  r e s u l t s  a re  g r e a t ly  s im p l i f ie d  and th e  
v a lu e  o f  K re q u ire d  to  o b ta in  th e  i n - l i n e  c lo s e d  loop  p o le s  i s  g iv en
(S + f l ) ( s 2 + 2 £ W n S + W,,2)
£«„ > a
g + / 3 [ t c o „ 2 - c 2)
tco„
- c r
C01=v/C0n(60n + 2CO) 
/rm=2Cwn(fl2+2Cco„fl+wn2) 
/>, =- j[2Cwn+fl]
(a)
(S + flJ (S 2+2^CO „S +  £On 2) 
£CO„>fl
a + J n L o i n 7 - a 2 )
- c r
t,U>n
Wi=/Wn(wn+2^a)
^  = 2Cw„(a2+2Cwnfl+W/l2) \
= -y[2£«„+fl]
A  60
(b)
F ig  2 .9  Root Locus Shapes and C losed  Loop P o le  D is t r ib u t io n s  w hich g iv e  
r i s e  to  a n o n -n e g a tiv e  im pu lse  re s p o n s e .
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Fig 2.10 Non-negative Impulse Response of a Third Order type 0 system
for a) = 1 and a = 0.1.
F a m ilie s  o f  s te p  and im pu lse  re sp o n se s  f o r  th e  system  u n d e r th e s e  
c o n d it io n s  a re  g iven  in  F ig s  2 011 and 2 .1 2 . From th e s e  r e s u l t s  i t  
can be seen  t h a t  th e r e  e x i s t s  an optimum v a lu e  o f  £ co rre sp o n d in g  to  
th e  f a s t e s t  re s p o n s e 0
F u r th e r  em p erica l t e s t s  on th e  system  showed th a t  t h i s  v a lu e  o f  
X  was 0 .6 2 ,  which i s  v e ry  c lo s e  to  th e  v a lu e  o f  £ t h a t  g iv e s  th e  maximum 
v a lu e  o f  Kq in  e q u a tio n  ( 2 .4 .1 1 ) .
The n o rm a lise d  open loop  t r a n s f e r  fu n c tio n  f o r  th e  f a s t e s t  non­
o v e rsh o o tin g  c lo se d  loop  s te p  re sp o n se  i s  th e r e f o r e  g iv en  by
G (s) =------------------------------------  2 .4 .1 2
s ( s 2 + 1 .2 4 s  + 1 )
I t  w i l l  be shown in  s e c t io n  2 .5  t h a t  t h i s  system  a ls o  has a 
s h o r te r  s e t t l i n g  tim e th a n  th o se  d es ig n ed  a c c o rd in g  to  th e  n o rm ally  
a c c e p te d  c lo se d  loop  perfo rm ance  c r i t e r i a .
2 .4 .3  T h ird  o rd e r  system  w ith  ze ro
Im p o rtan t p r a c t i c a l  forms o f  c lo se d  loop  re sp o n se  a s s o c ia te d  w ith  
th e  p o s i t i o n  o f  th e  c e n t r e  o f  g r a v i ty  o f  th e  open loop p o le s  a re  by no 
means c o n fin e d  to  a l l - p o l e  sy s te m s . C o n sid er f o r  example th e  t h i r d  
o rd e r  system  w ith  an open loop  t r a n s f e r  fu n c tio n
G (s) = ---K(S ■ * - b)--------------  2 .4 .1 3
s ( s 2 + 2?s + .1 )
In  t h i s  ca se  th e r e  a re  th r e e  b a s ic  ro o t  lo c u s  sh ap es  as shown in  
F ig  2 .1 3 , which en ab le  th e  c lo se d  loop p o le s  to  be p la c e d  a t  th e  
c e n tr e  o f  g r a v i ty  o f  th e  open loop  p o le s .
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F ig  2 .11  N on-negative  Im pulse R esponses o f  a T h ird  O rder Type I System
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F ig  2 .12  S tep  re sp o n se  c o rre sp o n d in g  to  th e  im p u lse  re sp o n se s  g iv e n  in  F ig  2 .1
Under th e s e  c o n d i t io n s  th e  c lo s e d  loop  t r a n s f e r  fu n c tio n  can be 
ex p re ssed  in  th e  form
£  -  a 3 (s  + 1) 2.4.14
R (s + a ) 3
w here a i s  th e  p o s i t i o n  o f  th e  c e n t r e  o f  g r a v i ty  o f  th e  open lo o p  p o le s  
n o rm a lise d  w i th  r e s p e c t  to  th e  open loop  zero  a t  s = - b 0
The s te p  re sp o n se  i s  th e n  g iv en  by
C (t)  = 1 -  e "a t 1 4- 2 (a“l) t'1 + a t  -  a z -
and th e  c o rre sp o n d in g  im pulse  re sp o n se  i s
g ( t )  = a 3e*'*a^ t l (a -1 )  t  2
S in ce  t  ^ 0 , and e~a t  %  0 ,  th e  s te p  re sp o n se  o v e rsh o o t o c c u rs  a t  
tim e t  g iv e n  by
2 .4 .1 5
2 .4 .1 6
2 .4 .1 7
The ca se  o f  a < 1 a p p l ie s  to  th e  lo c u s  shapes shown in  F ig  2 .1 3  ( a ) ( b ) ,  
which a r i s e  when th e  open loop  ze ro  i s  to  th e  l e f t  o f  th e  c e n t r e  o f  
g r a v i ty  o f  th e  open lo o p  p o le s .
The c lo se d  loop  s te p  re sp o n se  i s  th e n  f a s t e r  th a n  th e  B ionom ial 
re sp o n se  o f  a th r e e  p o le  system  and i s  a p e r io d ic  w ith  no o v e rs h o o t.
When a > 1 , th e  lo c u s  shape  i s  as shown in  F ig  2 .1 3  (c ) and th e  
h e ig h t  o f  th e  o v e rsh o o t in  th e  s te p  re sp o n se  i s  g iv e n  by th e  e q u a tio n
2a
H = ( 2 a - l )  e (a -1 ) 2 .4 .1 8
The s te p  re sp o n se  i s  a g a in  a p e r io d ic  b u t in  t h i s  c a se  i t  has th e  
v e ry  u n u su a l f e a tu r e  o f  an o v e rsh o o t w ith  no u n d e rsh o o t.
s(s* +  2£con5 + con2)
b  =  l
3 H C 2 - 3 )
'' v/27—32^ 2 
„  _  9 go„ 2 K £ 2- 3 )
" m ----------------------------:—
( 2 7 - 3 2  S 2 ) 
P2 = ~ U ^ n
+C7
a > o b
(2a-c)
- c  -b- a
(a) (b)
/ris+i) +  JCO
+a- c r
If b  - c- a
(c)
F ig  2 .13  R e la t iv e  p o le -z e ro  p o s i t io n s  which en ab le  th e  c lo se d  loop  
p o le s  to  be lo c a te d  a t  th e  C o f  G o f  th e  open loop  p o le s .
30
o v e rsh o o t 
20  -
+ cr
;jco
Fig  2 .14  R e la t io n s h ip  betw een th e  % o v e rsh o o t o f  th e  s te p  re sp o n se  
and th e  p o s i t i o n  o f  th e  C o f  G o f  th e  open lo o p  p o le s .
shows th a t  a l l  p o s s ib le  form s o f  t h i s  lo cu s  shape a r i s e  f o r  v a lu e s  o f  
a  in  th e  ran g e  1 $ a s  3 ,
The ca se  o f  a = 1 o ccu rs  when b = c and co rresp o n d s  to  a
c r i t i c a l l y  damped second o rd e r  sy stem , The u p p er l i m i t  a = 3 o ccu rs
when c = 0 and c o rre sp o n d s  to  th e  t h i r d  o rd e r  ty p e  2 system  shown in
F ig  2 04 (c )o
The r e l a t i o n s h ip  betw een th e  s te p  re sp o n se  p e rc e n ta g e  o v e rsh o o t 
and th e  p o s i t i o n  o f  th e  c e n t r e  o f  g r a v i ty  o f  th e  open loop  p o le s  o f  
th e s e  system s i s  shown in  F ig  2 014o
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Loop Response
2*5,1  I n tro d u c t io n
S in ce  a d e t a i l e d  s p e c i f i c a t i o n  o f  c lo se d  loop  t r a n s i e n t  re sp o n se  
i s  n o t n o rm ally  r e q u ir e d ,  m ost c o n tro l  system s a re  d es ig n ed  a c c o rd in g  
to  some form  o f  o v e r a l l  in d e x  o f  p e rfo rm a n ce0 The system  co u ld  f o r  
exam ple be a d ju s te d  to  have minimum i n t e g r a l  sq u a red  e r r o r  f o r  a s te p  
in p u t .  T h is would th e n  en su re  minimum energy  consum ption by th e  
c o n t r o l l e r .  A nother w id e ly  used  c r i t e r i o n  f i r s t  p roposed  by 
Graham and L athrop  (11) i s  t h a t  o f  minimum ITAE. T his has th e  a d v a n t­
age t h a t  i t  d is r e g a rd s  th e  u n av o id ab le  i n i t i a l  e r r o r  in  th e  s te p  
re sp o n se  and p e n a l i s e s  lo n g  d u ra t io n  t r a n s i e n t s .  F o r tu n a te ly  b o th  
th e s e  c r i t e r i o n  n o rm ally  g iv e  r i s e  to  a c c e p ta b le  forms o f  c lo se d  
loop  re s p o n s e . I f ,  how ever, a v e ry  p r e c i s e  t r a n s i e n t  re sp o n se  i s  
s p e c i f i e d  th e n  th e  r e q u ir e d  system  can be o b ta in e d  u s in g  K o n w ersk i's  
s y n th e s is  method r e f  (1 2 ) .
/ui c i j l  u en iau iv e  mecnoa o r  a c n ie v m g  accep taD ie  c lo se d  loop  p erfo rm ance  
i s  to  re g a rd  th e  c o n t ro l  system  as a low p ass  f i l t e r , .  I t  can th e n  be 
d es ig n ed  to  have a B inom ial, B u tte rw o rth , o r  Chebyshev re sp o n se  and w i l l  
a ls o  have good n o is e  r e j e c t i o n  c h a r a c t e r i s t i c s 0
A lthough th e s e  d e s ig n  te c h n iq u e s  a re  w id e ly  u sed  in  p r a c t i c e ,  th e  
r o o t  lo c u s  shapes a s s o c ia te d  w ith  s p e c i f i e d  form s o f  c lo se d  loop  re sp o n se  
a re  n o t g e n e ra l ly  known even f o r  s im p le  sy s te m s0 The o b je c t  o f  t h i s  
s e c t io n  i s  to  d ev e lo p  g lo b a l maps f o r  a s e le c t io n  o f  s im ple  sy s tem s , to  
show how th e  g e n e ra l shapes o f  t h e i r  r o o t  l o c i  a re  r e l a t e d  to  s p e c i f i e d  
form s o f  c lo se d  loop  re s p o n s e . A lso g iven  on th e s e  maps a re  re g io n s  
showing th e  ro o t  lo c u s  shapes a s s o c ia te d  w ith  optimum form s o f  th e  
c lo se d  loop  system .
2 .5 .2  Root Locus shap es  re q u ir e d  f o r  t h i r d  o rd e r  system s
The c lo se d  loop  t r a n s f e r  fu n c tio n s  o f  th e  ITAE, B inom ial and 
B u tte rw o rth  system s can be w r i t t e n  in  th e  form
-  (s )  = -------- ;----- - -----------------------------------------   2 .5 .1
R ( s 3 + a s 2 + bs + 1)
Once each s e t  o f  v a lu e s  o f  a and b has  been  de te rm in ed  th e  
c o rre sp o n d in g  n o rm a lise d  p a ra m e te rs  K and c o f  th e  open loop  system  can  
be o b ta in e d  from  th e  e x p re s s io n
-  (S) = ---------- £--------------------- 2 .5 .2
R ( s 3 + 2 £ s2 + s . + K)
I t  i s  th e n  p o s s ib le  to  o b ta in  a d i r e c t  com parison o f  th e  r o o t  lo c u s  
sh a p e s , c lo se d  loop  p o le  d i s t r i b u t i o n s  and s te p  responses c o rre sp o n d in g  
to  each s p e c i f i e d  form o f  th e  c lo se d  loop  sy stem . The r e s u l t s  o f  t h i s  
a n a ly s is  a re  shown in  F ig s  2 .15  and 2 .1 6 , to g e th e r  w ith  th e  c o r re s p o n d in g  
d a ta  f o r  th e  optimum n o n -n e g a tiv e  im pulse  re sp o n se  system  d is c u s s e d  
in  s e c t io n  2 .4 .2 .
K = 0 .1 9 2 s  e = 0 .866
X.
•X
K =  0 .3536  t ,  = 0 .707
OPT m i ITAE
“X ■m x
K = 0 .273  c = 0 .6 3 K = 0 .3172 e = 0 .5967
F ig  2 .1 5  Root Locus Shapes a s s o c ia te d  w ith  s p e c i f i e d  form s o f  c lo s e d  lo o p  re sp o n se .
otoc\i C (t) BUTTERWORTH
ITAE
ooo
oin
•o
ooin
•o
oin
CM
•
D
O N orm alised  tim e  t  sec
D
F ig  2 .1 6  S tep  re sp o n se s  c o rre sp o n d in g  to  th e  c lo se d  loop  p o le  d i s t r i b u t i o n s  
shown in  F ig  2 .1 5 .
ii. xi> i n t e r e s t i n g  to  n o te  t n a t  tn e  a e s ig n  c r i t e r i a  so t a r  c o n s id e re d  a re  
a l l  a s s o c ia te d  w ith  th e  same g e n e ra l shape o f  th e  r o o t  locus*  The s te p  
re sp o n se s  o f  th e s e  system s a ls o  co n firm  th a t  th e  optimum NNI d e s ig n  does 
in  f a c t  have a s h o r te r  s e t t l i n g  tim e  th a n  any o f  th e  n o rm ally  a c c e p te d  
c lo se d  loop  sy s tem s .
A lso  c o n s id e re d  were th e  r o o t  lo c u s  shapes a s s o c ia te d  w ith  th e  
Chebyshev system s* These have a g a in -f re q u e n c y  c h a r a c t e r i s t i c  d e f in e d  
by th e  e q u a tio n
Hence th e  c lo se d  loop p o le s  a re  th e r e f o r e  th e  ro o ts  o f  th e  e q u a tio n
The th r e e  c lo se d  loop p o le s  in  th e  l e f t  hand h a l f  p la n e  were o b ta in e d  f o r  
v a lu e s  o f  e2  in  th e  ran g e  ( 1 £ e2 £ 0 ) .
In  each  ca se  th e  r e s u l t i n g  cu b ic  was th e n  n o rm a lise d  to  th e  form
so t h a t  th e y  a l l  have th e  same g e n e ra l shape o f  r o o t  locus*  Examples 
o f  t h i s  shape to g e th e r  w ith  th e  c o rre sp o n d in g  c lo se d  loop  p o le  
d i s t r i b u t i o n s  and s te p  re sp o n se s  o f  th e  system  a re  shown in  F ig s  2 ,17  and 2*
£  (jw)
2 1 2 .5 .3
R 1 + e2  Tn 2 (co)
From which th e  co rre sp o n d in g  s p e c t r a l  f a c to r s  a re  g iven  by
1 2 .5 .4
1 + E2 Tfj2 ( s / j )
For a t h i r d  o rd e r  system
T3 2 ( s / j )  = -1 6 s 2 ( s 2  + | ) 2 2 .5 .5
s 6 + 1*5 s h  + 0 .5 6 2 5 s2 -  0 .0 6 2 5 /e 2 = 0 2*5 .6
s 3 + 2 ^ s 2 + s + K = 0 2*5.7
to  o b ta in  th e  c o rre sp o n d in g  v a lu e s  o f  K and c .
The v a lu e s  o f  £ f o r  th e s e  system s l i e  in  th e  ran g e  — £ c £ 0 ,
H  J
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7 Root Locus Shapes a s s o c ia te d  w ith  c lo se d  loop  Chebyshev P o les  
o f  a T h ird  O rder Type I System .
C (t)
84 12 200 16
Fig 2.18 Chebyshev responses of a Third Order Type I System.
rrom rn e  s re p  re sp o n se s  i r  can De seen  rn a r  rn e  system  oecomes v e ry  
o s c i l l a t o r y  f o r  v a lu e s  o f  z , < 0 .5 o S in ce  low v a lu e s  o f  £ g iv e  th e  
b e s t  n o is e , r e j e c t i o n  in  t h i s  c a s e ,  th e n  th e  f i n a l  d e s ig n  m ust be a 
compromise betw een n o is e  r e j e c t i o n  and t r a n s i e n t  o v e rsh o o t.
The many d i f f e r e n t  form s o f  c lo se d  loop  re sp o n se  which a r i s e  f o r  
a t h i r d  o rd e r  ty p e  I system  can now be sum m arised in  a g lo b a l (K ,£) 
map as shown in  F ig  2 .1 7 . The map a ls o  shows th e  v a lu e s  o f  5 which 
co rresp o n d  to  t r a n s i t i o n a l  forms o f  th e  lo c u s  and in d i c a te s  th e  ran g e  
o f  v a lu e s  o f  K and C which g iv e  r i s e  to  g e n e ra l ly  p r e f e r r e d  d e s ig n s  
fo r  th e  c lo se d  loop  sy stem . When used  in  c o n ju n c tio n  w ith  th e  
a n a l y t i c a l  d a ta  g iv en  in  F ig  2 .3 ,  th e  map a ls o  en a b le s  th e  d e s ig n e r  to  
s e e  how th e  d i f f e r e n t  form s o f  c lo se d  loop  re sp o n se  depend on th e  
g e n e ra l shape o f  th e  ro o t  lo c u s .
I t  has been found t h a t  th e  sm all changes in  c, which p roduce  a 
r a d i c a l  change in  th e  lo c u s  shape on a t r a n s i t i o n  b o undary , do n o t g iv e  
r i s e  to  a co rre sp o n d in g  r a d ic a l  change in  th e  c lo se d  loop  re s p o n s e .
The r e l a t i o n s h ip  betw een sudden change in  lo c u s  shape and th e  change in  
th e  tim e  re sp o n se  has a ls o  been in v e s t ig a t e d  f o r  many o th e r  system s 
and th e  same e f f e c t  has been  o b serv ed  in  a l l  c a s e s .  A lthough th e r e  
i s  a r a d i c a l  r e d i s t r i b u t i o n  o f  th e  c lo se d  loop  p o le s  in  th e s e  c a s e s ,  
th e  shape t r a n s i t i o n  g iv e s  r i s e  to  an e q u iv a le n t  c lo se d  lo o p  system  
w hich has v i r t u a l l y  th e  same tim e  re s p o n s e .
The t h i r d  o rd e r  ty p e  2 system
In  t h i s  ca se  th e  ro o t  lo c u s  shapes a re  shown in  F ig  2 .4 ,  and th e  
o n ly  s ta n d a rd  d e s ig n  c r i t e r i o n  which can be used  i s  t h a t  o f  minimum 
ITAE. I t  i s  th e r e f o r e  im p o rta n t to  d evelop  r e l a t i o n s h ip s  betw een lo c u s  
shapes and c lo se d  loop  perfo rm ance f o r  o th e r  p r a c t i c a l  form s o f  th e  
c lo se d  loop  system .
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i n i s  can oe acn iev ed  oy w r i t in g  tn e  open loop  t r a n s f e r  fu n c t io n  
in  th e  n o rm a lise d  form
G (s) =. —J L ( S 1 ,1 )—  2 .5 .8
s 2 (s + A)
The lo c u s  shapes a re  th e n  d e te rm in e d  by th e  v a lu e  o f  A, w h ile  th e  
c lo se d  loop  re sp o n se  f o r  each shape depends on th e  v a lu e  o f  K0 The 
c o n d i t io n  f o r  th e  c lo se d  loop  re sp o n se  to  be a p e r io d ic  w ith  o v e rsh o o t 
b u t no u n d e rsh o o t can be deduced from  th e  ty p e  I system  p re v io u s ly  
d is c u s s e d  in  s e c t io n  2 .4 3  and o ccu rs  when A = 9 , and K = 27. F o r tu n a te ly  
i t  h as  a l s o  been  p o s s ib le  to  d e te rm in e  th e  lo cu s  shapes and c lo se d  
loop  p o le  p o s i t i o n s  w hich g iv e  r i s e  to  th e  maximum damping r a t i o  £ f o r  
th e  complex c lo se d  loop  p o le s .
The r e q u ire d  r e l a t i o n s h ip s  w ere deduced from th e  M ik la ilo v  
c a r t e s i a n  e q u a tio n  o f  th e  lo cu s  and a re  g iv en  by
A = (1 + 2 0 2 2 .5 .9
and
K = mn 2 (1 + 2 0  2 .5 .1 0
w here con = (1 + 2 0  i s  -the undamped n a t u r a l  freq u en cy  o f  th e  com plex 
c lo se d  loop  p o le s .
S in ce  C S 1 , thenK  and A a re  r e l a t e d  by th e  e q u a tio n  K = A / \7
f o r  A $ 9 . I t  i s  i n t e r e s t i n g  to  n o te  t h a t  th e  c o n s ta n t  g a in  c o n to u r
f o r  t h i s  v a lu e  o f  K i s  a c i r c l e ,  so t h a t  th e  t h i r d  c lo se d  loop  p o le
i s  th e r e f o r e  lo c a te d  on th e  r e a l  a x is  a t  a  = -w ,n
The d e s ig n e r  can th e r e f o r e  s p e c ify  th e  r e q u ir e d  bandw id th  and speed  
o f  re sp o n se  by means o f  ton , and th e n  o b ta in  th e  lo c u s  shape and v a lu e  
o f  K f o r  maximum damping from e q u a tio n s  2 .5 .9  and 2 .5 .1 0 ,
Many o th e r  r e l a t i o n s h ip s  betw een th e  g e n e ra l shape o f  th e  r o o t  lo c u s ,  
th e  loop  g a in  and th e  c lo se d  loop  re sp o n se  have been o b ta in e d  and th e s e  
a re  sum m arised in  th e  (K,A) map shown in  F ig  2 .2 0 .
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F ig  2 .2 0  R e la t io n s h ip s  betw een ro o t  lo c u s  sh ap e , loop  g a in  and c lo se d  
loop  re sp o n se  o f  a T h ird  O rder Type 2 System .
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Fig 2.21 Closed loop responses of a third order Type 2 System.
2 .5 .3  Four p o le  system s
In  t h i s  c a se  th e  c lo se d  loop  t r a n s f e r  fu n c tio n s  o f  th e  ITAE, 
B inom ial, B u tte rw o rth  and Chebyshev system s can be e x p re sse d  in  th e  
form
-  (s )=  -----------------------    2 .5 .1 1
R ( s 4 + a s 3 + b s 2 + cs + 1)
And th e  v a lu e s  o f  a ,  b and c can be d e te rm in ed  to  g iv e  th e  r e q u ir e d  
c lo se d  loop  p e rfo rm an ce . F a c to r i s a t io n  o f  th e  r e s u l t i n g  q u a r t i c s  
showed t h a t  each d e s ig n  c r i t e r i a n  was a s s o c ia te d  w ith  th e  same g e n e ra l 
shape o f  r o o t  lo c u s  in  th e  (A ,c) p la n e .  The v a lu e s  o f  K, A and £ 
f o r  each system  were o b ta in e d  by w r i t in g  th e  c lo se d  loop  t r a n s f e r  
f u n c t io n  in  th e  n o rm a lised  form
-  (s )=  ------------------------------      2 .5 .1 2
R S h  + (A + 2 ) S3 + (1 + 2Ac) S2 + AS + K
I t  i s  th e n  p o s s ib le  to  o b ta in  a d i r e c t  com parison  o f  th e  r o o t  lo c u s  
sh a p e s , c lo se d  loop  p o le  d i s t r i b u t i o n s ,  and t r a n s i e n t  re sp o n se s  o f  
th e s e  sy s tem s . The r e s u l t s  o f  t h i s  a n a ly s i s  a re  shown in  F ig s  2 .2 2  
and 2 .2 3 .
Many o th e r  r e l a t i o n s h ip s  betw een c lo se d  loop  re sp o n se  and r o o t  
lo c u s  shape have been in v e s t ig a te d  and th e s e  a re  sum m arised in  th e  
(A,C) map shown in  F ig  2 .2 4 .
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Fig 2.23 Closed loop step responses of Four Pole Systems.
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2 .6  Summary
The work o f  t h i s  c h a p te r  and i t s  s u p p o r tin g  p u b l ic a t io n s  has 
h e lp ed  to  e s t a b l i s h  th e  b a s ic  r o o t  lo c u s  shapes o f  many s im p le  system s 
w hich o ccu r f r e q u e n t ly  in  e n g in e e r in g  d e s ig n . In  each c a se  c o n s id e re d  
a n a l y t i c a l  d a ta  has  been  p roduced  which e n a b le s  th e  g e n e ra l shape o f  
th e  r o o t  lo c u s  to  be i d e n t i f i e d  d i r e c t l y  from  th e  r e l a t i v e  p o s i t io n s  
o f  th e  open loop  p o le s  and z e ro s .  I t  has a l s o  been  shown t h a t  s u i t a b l e  
ch o ic e  o f  n o rm a lis in g  f a c to r s  f o r  s im p le  p o le -z e ro  p a t t e r n s  can o f te n  
le a d  to  th e  d is p la y  o f  a l l  p o s s ib le  form s o f  t h e i r  r o o t  l o c i  on a 
s in g le  map. T h is  new co n cep t in  r o o t  lo c u s  to p o lo g y  has been  i l l u s t r a t e d  
f o r  th e  r o o t  l o c i  o f  f o u r -p o le  sy stem s.
Many lo c u s  shapes a re  g iv e n  w hich w ere p r e v io u s ly  unknown and th e s e  
have been  c o n s id e re d  in  r e l a t i o n  to  th e  t r a n s i e n t  re sp o n se  o f  th e  c lo se d  
loop  system . T r a n s i t io n a l  form s o f  r o o t  l o c i  were o f  p a r t i c u l a r  i n t e r e s t  
to g e th e r  w ith  th o s e  w hich gave r i s e  to  c lo se d  loop  p o le s  a t  o r  v e r t i c a l l y  
i n - l i n e  w ith  th e  C o f  G o f  th e  open loop  p o le s .  These system s o f te n  had 
u n u su a l form s o f  c lo se d  loop  re sp o n se  which in  some c a se s  w ere s u p e r io r  
to  s ta n d a rd  form s o f  c lo se d  loop  d e s ig n .
F in a l ly  g lo b a l maps were d ev eloped  f o r  a  s e le c t io n  o f  s im p le  
system s to  show how s p e c i f i e d  form s o f  c lo se d  lo o p  perfo rm ance  a re  
r e l a t e d  to  th e  g e n e ra l shapes o f ' t h e i r  r o o t  l o c i .
The a u th o r  b e l ie v e s  t h a t  th e  b u lk  o f  th e  work in  t h i s  C h ap te r 
i s  o r ig i n a l  and r e p r e s e n ts  a s i g n i f i c a n t  advance in  o u r p r e s e n t  know ledge 
o f  th e  a n a l y t i c a l  p r o p e r t i e s  o f  s im p le  r o o t  l o c i .
CHAPTER 3
AUTOMATIC ROOT LOCUS PLOTTING
I
3 .1  I n t ro d u c t io n
th e  a n a l y t i c a l  d a ta  p roduced  in  C hap ter 2 h as  now made i t  p o s ­
s i b l e  f o r  th e  d e s ig n e r  to  o b ta in  a v e ry  r a p id  sk e tc h  o f  th e  r o o t  l o c i  o f  
s im p le  sy stem s. U n fo r tu n a te ly  i t  may n o t alw ays be p o s s ib le  to  a p p ro x i­
m ate a system  by one o f  th e s e  s im p le  form s and i t  th e n  becomes n e c e s s a ry  
to  p roduce  an a c c u ra te  p lo t  o f  th e  lo c u s .
From a  c a r e fu l  s tu d y  o f  th e  m ethods a v a i la b l e  f o r  p l o t t i n g  r o o t  lo c i  
i t  i s  shown t h a t  th e y  a l l  have v e ry  s e r io u s  l i m i t a t i o n s .  The a u th o r  has 
now w r i t t e n  a com puter program  which overcom es th e s e  d i f f i c u l t i e s  and 
a l s o  e n a b le s  l o c i  to  be o b ta in e d  f o r  system s w hich have p u re  tim e  d e la y  
o r  d i s t r i b u t e d  la g .  The a lg o ri th m  i s  v e ry  r a p id ly  c o n v e rg e n t and ta k e s  
an av erag e  o f  l e s s  th a n  two com pu ta tio n s  p e r  p o in t  to  com pute th e  lo c u s  
to  a phase  acc u racy  b e t t e r  th a n  20 seconds o f  a r c .
The a u th o r  claim s t h a t  th e  method i s  o r ig i n a l  and i s  s u p e r io r  to  any 
o th e r  known te c h n iq u e . F o llow ing  e x te n s iv e  t e s t s  and c o n s id e ra b le  o p e r ­
a t in g  e x p e rie n c e  in  c o n ju n c tio n  w ith  in d u s t r y ,  th e  program  i s  now a b le  to  
p l o t  th e  r o o t  lo c u s  o f  ANY l i n e a r  sy stem .
3 .2  Review and C r i t i c i s n o f  P re se n t M ethods
3 .2 .1  Analogue T echniques
Many analogue  m ethods have been p ro p o sed  a l l  o f  w hich a r e  e i t h e r  a
♦
v a r i a t i o n  o f  L e v in e 's  S te e p e s t  A scent te c h n iq u e  ( 13 ) , o r  th e  D 'azzo
and Hoppis se rv o  loop C 14 ) • Both o f  th e s e  m ethods r e q u i r e  many
r e s o lv e r s ,  in v e rs e  r e s o lv e r s ,  and m u l t i p l i e r s .  Such equipm ent i s  v e ry
ex p en siv e  and i s  n o t n o rm a lly  a v a i la b l e  in  any q u a n t i ty  in  a g e n e ra l 
p u rp o se  com puter. A part from th e  obv ious l i m i t a t i o n s  o f  th e  hardw are  such 
a s  low a c c u ra c y  a t  sm a ll s ig n a l  l e v e l s ,  th e r e  a re  th r e e  s e r io u s  d is a d v a n t ­
ages w hich were n o t p o in te d  o u t by th e  a u th o rs  in  t h e i r  o r ig i n a l  p a p e rs .
The f i r s t  o f  th e s e  i s  th e  f a c t  t h a t  each b ran ch  o f  th e  lo c u s  m ust s t a r t  
on one o f  th e  o p en -lo o p  p o le s .  T h is  means t h a t  p u re - tim e  d e la y  lo c i  can 
n o t be o b ta in e d  s in c e  th e y  have b ran ch es  w hich s t a r t  a t  m inus i n f i n i t y .
In  b o th  methods th e  d is ta n c e  o f  th e  t r i a l  p o in t  from  th e  open loop 
p o le  must in c re a s e  m o n o to n ic a lly  as th e  com puter t r a c e s  o u t th e  b ran ch  o f  
th e  lo c u s . T here a r e ,  how ever, many lo c i  w hich have b ran ch e s  t h a t  cu rv e  
back  tow ards th e  o p en -loop  p o le  as  can be seen  from th e  exam ples in  
C h ap te r 2. In  such  c a se s  th e  com puter le a v e s  a gap in  th e  lo c u s
b ran ch  u n t i l  i t  f in d s  a p o in t  a t  a g r e a t e r  d is ta n c e  from  th e  open loop  
p o le .
The t h i r d  l i m i t a t i o n  i s  t h e i r  i n a b i l i t y  to  lo c a te  b re a k  p o in t s .  T h is  
i s  due m a in ly  to t h e i r  low phase  a cc u racy  w hich i s  n o rm a lly  n o t much b e t t e r  
th a n  one d e g re e . U n fo r tu n a te ly  th e  p hase  acc u racy  r e q u ir e d  n e a r  a  b re a k ­
p o in t  i s  o f te n  seconds o r  a r c ,  w ith  th e  r e s u l t  t h a t  th e  com puter e i t h e r  
g iv e s  an in c o r r e c t  lo c u s  shape o r  e l s e  i t  s to p s  com puting and h as  to  be 
m anually  r e s e t .
For lo c i  which do n o t have p u re  tim e  d e la y , b reak  p o i n t s ,  o r  b ran ch e s  
c u rv in g  back tow ards th e  p o le s ,  th e s e  m ethods g iv e  a f a i r l y  good q u a l i ty  
p lo t  w hich can be d is p la y e d  on a C.R.O. o r  X-Y p l o t t e r .  The D 'azzo  and
I
H oppis ty p e  m ethods a ls o  have th e  ad v an tage  t h a t  th e y  can  p ro d u ce  o th e r  
p h ase  an g le  lo c i  s im p ly  by a d ju s t in g  th e  s e t  p o in t  o f  th e  s e rv o  lo o p .
3 .2 .2  D ig i t a l  Computer Programs
The p re s e n t  d i g i t a l  com puter program s a re  based  e i t h e r  on th e  d i r e c t  
f a c t o r i s a t i o n  o f  th e  c h a r a c t e r i s t i c  e q u a tio n  o r  a g r id  s e a rc h  te c h n iq u e  
in  th e  S p la n e .
D ire c t  f a c t o r i s a t i o n  was f i r s t  su g g e s te d  by Doda (1 5 ) who as
u s u a l  f a i l e d  to  p o in t  o u t i t s  p r a c t ic a l  d is a d v a n ta g e s .  P erhaps th e  most 
s e r io u s  o f  th e s e  i s  th e  f a c t  t h a t  a l l  known f a c t o r i s a t i o n  te c h n iq u e s  a re  
u n a b le  to  f a c t o r i s e  p o ly n o m ia ls  w hich have two o r  more re p e a te d  r o o t s .  
S in ce  b reak  p o in t s  a re  in  f a c t  m u l t ip le  c lo se d  loop p o le s ,  th e n  th e s e  
im p o rtan ce  f e a tu r e s  o f  th e  lo c u s  a re  n o t  a v a i la b l e  to  th e  d e s ig n e r .
The d i r e c t  method a ls o  has th e  d isa d v a n ta g e  t h a t  a l l  th e  ro o ts  o f  
th e  c h a r a c t e r i s t i c  e q u a tio n  m ust be d e te rm in ed  s im u lta n e o u s ly , w h ile  
in  p r a c t i c e  th e  d e s ig n e r  i s  u s u a l ly  more in t e r e s t e d  in  o n ly  one o r  two 
b ran ch e s  o f  th e  lo c u s .
F in a l ly  th e  method can o n ly  be ex ten d ed  to  p u re  tim e  d e la y  system s 
u s in g  ap p ro x im atio n s  such  as Pade o r  t r u n c a te d  M aclau rin  s e r i e s ,  a l l  o f  
w hich g iv e  r i s e  to  eroneous r e s u l t s  as w i l l  be shown in  C h ap te r 4 .
The f i r s t  o f  th e  g r id  s e a rc h  m ethods was p roposed  in  1968 by 
Cook and Cook (1 6 ) . In  t h e i r  method a tr ia l  p o in t  scan s  th e  S p la n e
and t e s t s  th e  p h ase  e r r o r  a t  a la rg e  number o f  e q u a l ly  sp aced  p o in t s .
The o n ly  new f e a tu r e  o f  t h e i r  method i s  th e  u se  o f  a p h ase  e r r o r  f u n c t io n  
f(E )  d e f in e d  by th e  e q u a tio n
f (E) = ( g )  -  ENTIER d  )  -  0 .5  sgn ( £  )  3 .2 .1
T h is  has th e  e f f e c t  o f  p ro d u c in g  a s ig n  change in  f(E ) as  th e  p h ase  
e r r o r  E p a s s e s  th ro u g h  odd m u l t ip le s  o f  tt. A p o in t  i s  assumed to  l i e  
on th e  lo c u s  i f  th e 'm a g n itu d e  o f  f(E ) i s  l e s s  th a n  0 .2 5  and i t s  s ig n  
i s  d i f f e r e n t  from t h a t  o f  i t s  fo u r  c l o s e s t  n e ig h b o u rs .
The r e s u l t i n g  p l o t  c o n s i s t s  o f  a p a t t e r n  o f  c ro s s e s  p la c e d  a t  
th e s e  p o in t s  and g iv e s  on ly  a vague in d ic a t io n  o f  th e  g e n e ra l shape 
o f  th e  lo c u s . A nother d is a d v a n ta g e  i s  th e  la rg e  amount o f  s to r a g e  
r e q u ire d  f o r  th e  s ig n  com parison  r e q u ir e d  a t  th e  t r i a l  p o in t .
A more r e c e n t  g r id  s e a rc h  te c h n iq u e  was re p o r te d  by A ird  and 
M oseley a t  th e  1969 I n te r n a t io n a l  C onference on Computer A ided D esign 
(1 7 )  , .  By s im p ly  t e s t i n g  th e  s ig n  o f  th e  phase  e r r o r  a t  each  <
c o n se c u tiv e  p o in t  on th e  g r id  th e y  c la im  to  have p lo t t e d  r o o t  l o c i  
u s in g  a sm a ll PDP8 com puter w ith  an 8K s t o r e .  U n fo r tu n a te ly  t h e i r  
p lo t s  a re  even more vague th a n  th o se  o f  Cook and Cook.
Both g r id  s e a rc h  methods a r e  v e ry  i n e f f i c i e n t  s in c e  l e s s  th a n  
1% o f  th e  p o in ts  t e s t e d  a c t u a l l y  l i e  on o r  n e a r  to  th e  lo c u s . The 
a u th o r  f e e l s  t h a t  th e s e  methods a re  a c l a s s i c  example o f  th e  m isuse  
o f  a  com puter to  overwhelm th e  problem  r a t h e r  th a n  s o lv e  i t .
3 .2 .3  S p e c ia l  Purpose Computers
A p art from th e  many am using c r e a t io n s  c o n s is t in g  o f  p ie c e s  o f  
s t r i n g  wound around p u l le y s  and p o te n t io m e te r s ,  th e r e  h as  o n ly  been 
one com m ercia lly  a v a i la b le  r o o t  lo cu s  com puter c a l le d  EASIAC (1 8 )
I t  was f i r s t  in tro d u c e d  in  1960 and s o ld  f o r  abou t £6000.
A lthough i t  i s  c a l l e d  an a u to m a tic  p l o t t e r ,  i t  i s  in  f a c t  o n ly  
semi a u to m a tic  and r e l i e s  f o r  i t s  o p e ra t io n  on a s k i l l e d  o p e ra to r  
who has  to  se a rc h  fo r  p o in ts  in  th e  S p la n e  where th e  p h ase  e r r o r  
i s  z e ro . In  p r a c t i c e  i t  i s  v e ry  d i f f i c u l t  to  u se  e s p e c i a l l y  in  
r e g io n s  o f  h ig h  s e n s i t i v i t y  such  as  b re a k  p o in t s .
A nother d is a d v a n ta g e  o f  t h i s  a p p a ra tu s  i s  th e  f a c t  t h a t  th e  
l o c i  a re  p lo t t e d  on a lo g  s c a le ,  w hich means t h a t  th e  d e s ig n e r  f in d s  
i t  d i f f i c u l t  t o  r e l a t e  p o le  p o s i t i o n  to  c lo se d  loop t r a n s i e n t  r e s p o n s e ,
3 .3  The A u th o r 's  New S earch  V ec to r Method
3 .3 .1  In tro d u c t io n
From a c a r e fu l  s tu d y  o f  th e  p r e s e n t  methods a v a i la b le  f o r  
p l o t t i n g  r o o t  l o c i ,  i t  became obv ious t h a t  th e y  co u ld  n o t  be u sed  
as  a  s e r io u s  r e s e a r c h  to o l  e i t h e r  f o r  th e  s tu d y  o f  r o o t  lo c u s  
p r o p e r t i e s  o r  f o r  th e  e x te n s io n  o f  th e  te c h n iq u e  to  th e  d e s ig n  o f  
system s w ith  p u re  tim e d e la y . The a u th o r  th e r e f o r e  d e c id e d  to  
ad o p t a new approach  to  th e  p roblem  and d ev e lo p  a method in  w hich 
th e  t r i a l  p o in t  t r a c k e d  . th e  lo c u s  in  a s im i la r  f a s h io n  to  th e  
gu id an ce  system  o f  a beam r i d e r  m i s s i l e .  T h is  te c h n iq u e  has p roved  
to  be v e ry  s u c c e s s fu l  and has  r e s u l t e d  in  a com puter p rogram  w hich 
can p l o t  th e  r o o t  l o c i  o f  any l i n e a r  system  in c lu d in g  th o s e  w ith  
p u re  tim e d e la y  C l9 ) . The a lg o ri th m  i s  v e ry  r a p id l y  c o n v e r­
g e n t and ta k e s  an av e rag e  o f  l e s s  th a n  two com pu ta tio n s  p e r  p o in t  
to  a c h ie v e  a phase  acc u racy  b e t t e r  th a n  20 seconds o f  a r c .
3 .3 .2  B asic  Concept o f  th e  A lgorithm
The com puting a c t io n  from an open loop p o le  i s  i l l u s t r a t e d  
in  F ig  3 .1  w hich shows a ty p i c a l  b ra n c h  o f  th e  lo c u s  a r i s i n g  
from  one o f  th e  complex p o le s  o f  a p o le -z e ro  p a t t e r n  KG(s).
The ta n g e n t to  th e  lo c u s  a t  th e  open loop  p o le  makes an 
a n g le  iji w ith  th e  a a x is  g iv en  by
^10 = a r S 3 .3 ,1
T h is  a n g le  i s  th e n  b ro u g h t in to  th e  ran g e  - tt to  +tt and a 
s e a rc h  v e c to r  o f  le n g th  As s e t s  o f f  in  th e  d i r e c t io n  
if; = ^ 1Qto  g iv e  th e  f i r s t  t r i a l  p o in t  a t  (o ^ , where
F ig  3 .1  B asic  com puting a c t io n  from  an open loop  p o le .
cr = a . + As cos \ b .t  1  t
u. = u . + As s in  ili.t  1  Y t
A m u l t ip le  p o le  o f  o rd e r  N a t  (a^ , ok) would o f  c o u rse  
g iv e  r i s e  to  N d i s t i n c t  b ran ch es  o f  th e  lo c u s , each  w ith  a 
d i f f e r e n t  s e t - o f f  d i r e c t i o n .  In  t h i s  c a se  each  b ran ch  o f  th e  
lo c u s  i s  computed s e p a r a te ly  and th e  s e t - o f f  d i r e c t io n s  a re  
o b ta in e d  from th e  e x p re s s io n
C^l0) r  = C^10 + 2rir)/N  . .  f o r  r  = 0 to  N -l 3 .3 .4
H aving lo c a te d  th e  f i r s t  t r i a l  p o in t ,  th e  phase  e r r o r  a t
t h i s  p o in t  i s  c a lc u la te d  from th e  e q u a tio n
<j>t  = a rg  G ( p t  + j u t ) - it 3 .3 .5
The h ead in g  o f  th e  s e a rc h  v e c to r  i s  th e n  changed to
•= + <Pt  3 .3 .6
w hich b r in g s  th e  t r i a l  p o in t  tow ards th e  lo c u s .  T h is  p ro c e s s  
i s  r e p e a te d  u n t i l  th e  p h ase  e r r o r  a t  th e  t r i a l  p o in t  i s  l e s s  
th a n  20 seconds o f  a r c .
The need  fo r  such  h ig h  a c c u ra c y  i s  i l l u s t r a t e d  in  F ig  3 .2  
w hich shows some o f  th e  p h ase  an g le  lo c i  o f  th e  system  K C s+ l)/s2 ( s + 9 ) . 
Having lo c a te d  th e  f i r s t  p o in t  on th e  lo c u s , th e  p l o t t e r  th e n  
jo in s  th e  open p o le  to  t h i s  p o in t  by means o f  a s t r a i g h t  l i n e .
3 .3 .2
3 .3 .3
2Fig  3 .2  Phase a n g le  lo c i  o f  th e  system  K (s + l) /s  (s+9) p lo t t e d  to  a 
p hase  acc u racy  o f  20 seconds o f  a r c .
The f i r s t  p o in t  on th e  lo c u s  i s  th e n  used  as an anchor p o in t
from w hich th e  s e a rc h  v e c to r  As s e t s  o f f  in  a d i r e c t i o n  ib  =  i b ,
20
Where i|> i s  th e  f i n a l  h ead in g  o f  th e  se a rc h  v e c to r  from  th e  
p re v io u s  anchor p o in t  which in  t h i s  ca se  i s  th e  open loop p o le .
The t r i a l  p o in t  th e n  i t e r a t e s  tow ards th e  lo c u s  where i t  becomes 
th e  n e x t ancho r p o in t .
The v a lu e  o f  K i s  computed a t  each s u c c e s s fu l  p o in t  and th e  
whole p ro c e s s  i s  re p e a te d  u n t i l  K exceeds some s p e c i f i e d  v a lu e .  
A nother b ran ch  o f  th e  lo c u s  may th e n  be p lo t t e d  by s t a r t i n g  th e  
co m pu ta tion  a t  th e  a p p ro p r ia te  open loop  p o le .
U n fo r tu n a te ly  th e  convergence o f  th e  b a s ic  a lg o ri th m  i s  v e ry  
p oo r f o r  th e  r e q u ire d  p hase  acc u racy  o f  20 seconds o f  a r c .  T h is  
i s  i l l u s t r a t e d  in  T ab le  ( 3 .1  ) w hich shows th e  number o f  com puta­
t i o n s  r e q u ir e d  a t  each o f  th e  f i r s t  31 p o in t s  on th e  lo c u s  b ran ch
g iv e n  in  F ig  3 .3 .  The av e rag e  number o f  com pu ta tio n s  i s  45 
r i s i n g  to  a maximum o f  146 in  th e  re g io n  where th e r e  i s  a 
r a p id  change in  c u rv a tu re .
3 .3 .3  R efinem ents to  im prove Speed and A ccuracy
S in ce  m ost lo c u s  b ran ch e s  have f a i r l y  un ifo rm  c u rv a tu re  a lo n g  
sm all s e c t io n s  o f  th e  c u rv e , i t  was d ec id ed  to  t r y  th e  e f f e c t  o f  
s e t t i n g  o f f  from  th e  i  t h  ancho r p o in t  in  a d i r e c t io n
* .(0 )  = 2 * ^ 0 0  -  ^ . jC O )  3 .3 .
w here 0 0  i s  th e  f i n a l  s u c c e s s fu l  d i r e c t i o n  o f  th e  s e a r c h ,
v e c to r  to  t h a t  p o in t  from th e  p re v io u s  an ch o r p o in t .
j_n_i
2F ig  3 .3  Root lo c u s  b ranch  o f  th e  system  K/s (s  + 1 .6 s+ l)
TABLE 3 .1
R e s u lts  o f  u s in g  th e  b a s ic  a lg o ri th m  to  compute th e  
lo c u s  b ranch  to  a p hase  accu racy  o f  20 -sec o f  a r c .
X V X 6 c OSC
- 0 . 8 0 0 0 0 . 6 0 0 0 0 . 0 0 0 0 1 . 0 0 0 0
- 0 . 7 7 5 7 0 . 5 6 8 2 0 . 0 4 4 9 1 . 0 0 8 0
- 0 . 7 5 0 7 0 . 5 3 7 0 0 . 0 8 4 0 1 . 0 0 15 0
- 0 . 7 2 4 8 0 . 5 0 6 5 0 . 1 1 7 7 1 . 0 0 24 0
- 0 . 6 9 7 7 0 . 4 7 7 1 0 . 1 4 6 2 1 . 0 0 34 0
- 0 , 6 6 9  0 0 . 4 4 9 3 0 . 1 7 0 2 1 . 0 0 48 0
- 0 . 6 3 8 2 0 . 4 2 3 8 0 . 1 9 0 0 1 . 0 0 67 0
- 0 . 6 0 4 5 0 . 4 0 2 2 0 .  2 0 6 2 1 . 0 0 93 0
- 0 ♦ 5 6 7 4 0 . 3 8 7 4 0 . 2 1 9 6 1 . 0 0 124 0
- 0 . 5 2 7 8 0 . 3 8 3 0 0 . 2 3 1 6 1 . 0 0 146 0
- 0 . 4 8 8 6 0 . 3 9 0 6 0 . 2 4 3 8 1 . 0 0 139 0
- 0 . 4 5 2 5 0 . 4 0 7 7 0 . 2 5 7 9 1 . 0 0 115 0
- 0 . 4 1 9 7 0 . 4 3 0 5  . 0 . 2 7 5 0 1 . 0 0 92 0
- 0 . 3 8 9 5 0 . 4 5 6 8 0 . 2 9 5 9 1 . 0 0 74 0
- 0 . 3 6 1 3 0 . 4 8 5 2 0 . 3 2 1 1 1 . 0 0 61 0
- 0 . 3 3 4 6 0 . 5 1 4 9 0 . 3 5 1 0 1 . 0 0 52 0
- 0 . 3 0 8 9 0 . 5 4 5 6 0 . 3 8 6 1 1 . 0 0 44 0
" 0 . 2 8 4 1 0 . 5 7 7 0 0 . 4 2 6 8 1 . 0 0 39 0
- 0 . 2 6 0 0 0 . 6 0 8 9 0 . 4 7 3 4 1 . 0 0 34 0
- 0 , 2 3 6 4 0 . 6 4 1 2 0 . 5 2 6 4 1 . 0 0 30 0
- 0 . 2 1 3 2 0 . 6 7 3 8 0 . 5 8 6 1 1 . 0 0 27 0
" 0 , 1 9 0 4 0 . 7 0 6 6 0 . 6 5 3 0 1 . 0 0 25 0
- 0 . 1 6 7 9 0 . 7 3 9  7 0 . 7 2 7 4 1 . 0 0 22 0
- 0 , 1 4 5 7 0 . 7 7 2 9 0 . 8 0 9 7 1 . 0 0 20 0
- 0 , 1 2 3 6 0 . 8 0 6 3 0 . 9 0 0 2 1 . 0 0 19 0
- 0 . 1 0 1 8 0 . 8 3 9 8 0 . 9 9 9  4 1 . 0 0 17 0
- 0 . 0 8 0 1 0 . 8 7 3 4 1 . 1 0 7 7 1 . 0 0 15 0
- 0 . 0 5 8 5 0 , 9 0 7 1 1 , 2 2 5 4 1 . 0 0 14 0
- 0 . 0 3 7 1 0 . 9 4 0 9 1 . 3 5 2 9 1 . 0 0 13 0
- 0 . 0 1 5 8 0 . 9 7 4 8 1 . 4 9 0 7 1 . 0 0 12 0
0 . 0 0 5 5 1 . 0 0 8 7 1 . 6 3 9 0 1 . 0 0 11 0
0 . 0 2 6 6 1 . 0 4 2 6 1 . 7 9 8 3 1 . 0 0 10 0
The r e s u l t s  o f  u s in g  t h i s  s t r a t e g y  to  compute th e  lo c u s  b ran ch  
shown in  F ig  3 .3  a re  g iv en  in  t a b le  3 .2  . i t s  e f f e c t  i s  to  re d u c e
th e  av e ra g e  number o f  com pu ta tions p e r  p o in t  to  20 w hich r e p r e s e n t s  
a  100% im provement in  e f f ic i e n c y .  D e sp ite  t h i s .improvement th e  
a lg o r i th m  was s t i l l  v e ry  s lo w ly  co n v erg en t and i t  was th e r e f o r e  
d ec id ed  to  a llo w  th e  system  to  o v e rsh o o t to  o b ta in  a more r a p id  
re s p o n s e .
The r a t e  o f  change o f  p hase  e r r o r  can v a ry  c o n s id e ra b ly  a t  
d i f f e r e n t  p o in t s  a lo n g  th e  b ran ch  o f  a lo c u s  as can be seen  from  
F ig  3 . 2 .  In  o rd e r  to  make th e  h ead in g  i t e r a t i o n  loop  a d a p t to  
th e s e  ch an g es, an a u to g a in  p a ram e te r  G was in tro d u c e d  in to  th e  
a lg ro ith m  as fo llo w s
4>t  • =  + G ^  3 , 3 . 8
The a u to g a in  i s  i n i t i a l l y  s e t  to  u n i ty  a t  th e  open loop  
p o le  and i s  changed o n ly  i f  more th a n  two com pu ta tions  a re  r e q u ir e d  
to  b r in g  th e  t r i a l  p o in t  on to  th e  lo c u s . I f  th e  t r i a l  p o in t  h as  
n o t reac h ed  th e  lo c u s , th e n  G i s  in c re a s e d  by u n i ty ,  e l s e  i f  i t
h a s  o v e rsh o t th e n  th e  v a lu e  o f  G i s  m u l t ip l ie d  by 0 .7 5 .
A utogain  p roduced  a d ra m a tic  im provement in  th e  o v e r a l l  
e f f i c i e n c y  o f  th e  a lg ro ith m  as  can be seen  from ta b le  3 .2  . The
av e ra g e  number o f  com pu ta tio n s  p e r  p o in t  d e c re a se d  to  2 .5  and
when c u rv a tu re  p r e d ic t io n  was a l s o  in c lu d e d  t h i s  was f u r t h e r  
red u ced  to  1 .9  p e r  p o in t .  •
E x te n s iv e  t e s t s  were th e n  c a r r i e d  o u t on many d i f f e r e n t  form s 
7 o f  lo c u s  and i t  was found th a t  th e  combined e f f e c t s  o f  a u to g a in  
and c u rv a tu re  p r e d ic t io n  alw ays gave an average  o f  l e s s  th a n  2 
co m p u ta tio n s  p e r  p o in t  f o r  a phase acc u racy  o f  20 seconds o f  a r c .
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I f  th e  f i r s t  two h ead in g s  o f  th e  s e a rc h  v e c to r  f a i l  t o  g iv e  
a p o in t  on th e  lo c u s , th e n  th e  phase  e r r o r s  a t  th e s e  p o in ts  can  be 
u sed  to  c a l c u la te  th e  av erag e  r a t e  o f  change o f  p h ase  w . r . t .  h e a d in g . 
Assuming a l i n e a r  p hase  v a r i a t i o n ,  th e  change in  hfeading r e q u i r e d  to  
b r in g  th e  s e a rc h  v e c to r  on to  th e  lo c u s  i s  g iv en  by
where and <f>2 a re  th e  p h ase  e r r o r s  a t  th e  f i r s t  and second
t r i a l  p o in t s  r e s p e c t iv e ly .
A d e t a i l e d  p r i n t  o u t o f  th e  e f f e c t  o f  u s in g  h ead in g  p r e d ic t io n
f o r  th e  com pu ta tion  o f  th e  lo c u s  b ran ch  shown in  F ig  3 .2  i s  g iv e n
in  t a b l e  3 .3  . The r e s u l t s  show t h a t  th e r e  i s  a f a n t a s t i c  in c re a s e  
in  p hase  a c c u ra c y  w hich fo r  th r e e  com p u ta tio n s  i s  o f te n  b e t t e r  th a n  
a  m il l i s e c o n d  o f  a r c .  The o v e r a l l  e f f e c t  f o r  a l a r g e r  number o f  
p o in t s  i s  shown in  t a b l e  3 .4  from w hich i t  can be seen  t h a t  
•heading p r e d ic t io n  a ls o  in c re a s e s  th e  av e rag e  number o f  co m pu ta tion^  
p e r  p o in t  by 30%.
I t  was th e r e f o r e  d ec id ed  th a t  t h i s  e x t r a  re f in e m e n t was n o t 
j u s t i f i e d  f o r  norm al l o c i  which a re  s u f f i c i e n t l y  w e ll d e f in e d  by 
a p hase  acc u racy  o f  20 seconds o f  a r c .
An exam ple o f  th e  q u a l i ty  o f  lo cu s  p roduced  by th e  a u th o r ’ s
new a lg o ri th m  i s  shown in  Fi-g 3 .4  . A ll 5 b ran ch es  o f  th e  lo c u s  
w ere computed in  l e s s  th a n  15 seconds and when p lo t t e d  o n - l in e  
th e  com plete  p lo t  was o b ta in e d  in  65 seco n d s .
G ^  <f>1 2 3 . 3 . 9
(<f>2 " $ 1 )
The E f fe c t  o f  H eading P re d ic to r  on Phase A ccuracy
LOCUS CO-ORDINATES
PLUS HEADING 
PREDICTOR
NORMAL
ALGORITHM
p o in t ! COUNT X Y PHASE ERROR PHASE ERROR
0 00 - 0 , 8  0 0 0 0 0 0 . 6 0 0 0 0 0 " -0 7 9  272 9  5 2 T 4 T ~ M r r p T r m 'M  4 f |
1
1 . 0 0  | 
2 . 0 0  
J . 0 0
- 0 , 7 7 5 7 8 1  
- 0 , 7 7 5 7 5 1  
>  0 . 7.7 5 6 9
0 . 5 6 8 1 6 6
0 . 5 6 8 1 8 8
0 . 5 6 8 2 3 1
0 . 0 0 2 4 9 2 3 4 1 9  
0 . 0 0 1 4 2 0 0 1 6 4  
-  0 . 00 0 0 0/'  0 4 56
0 , 0  0 2 * 9  0 3 30$
0 . 0001  6  59681
0 . OU001 1 0 565
2
1 . 0 0  
2 .  00 
3 . 0 0
- 0 , 750  7 0 6  
- 0 , 7 5 0 7 0 4
..“ 0 » 750.68.2__
0 . 5 3 6 ° 0 8
. 0.  5 3 7 0 0 0  
0 . 5 3 7 0 1 2
0 . 0 0 0 3  349 256  
0 , 0 0 0 3 0 4 4 1 5 5  
-  0  . 0 O 0 0 0 0 0 0 4 8
0 , 0 0 0 3 6 1 9  346 
0 . 0 0 0 1 2 7 4 7 5 8  
0  0 0 0 0 4 4 8 9 6 7
3
1 . 0 0  
2 . 0 0  
3 . 0 0
- 0 , 7 2 4 7 9 4  
- 0 , 7 2 4 7 9 3  
- 0 . 7 2 4 7 6 0
0 . 5  06 5 77 
0 .  5 0 6 5 7 8  
0 . 5 0 6 5 5 6
0 . 0 0 0 2 9 7 5 8 7 2  
0 .  0 0 0 2 8 8 2 7 5 2  
- 0  , 0 0 0 0 0 0  0  () 8 6
0 . 0 0  029  4 2 6 3 9  
0 . 0 0 0 1 0 0 2 4 6 9  
0 . 0  0 0 0  5 41 49 4
4
1 . 0 0  
2 . 0 0  
3 .  00
- 0 . 6 9  7 7 0 2  “ T 
- 0 , 6 0 7 7 01 
- 0 , 6 9 7 6 5 2
0 7 4 7 ? 0 9 °  
0 . 4 7 7 1 0 0  
0 . 4 7 7 1 4 6
0 . 0 0  0 3 0 6  0 171 
0 .  000. 3023/>02 
- 0 .  000  0 0 0 0 1 9  6
7T7(7T6T2T9 3 6 9  
0 . 0 0 0 1 2 0 1 8 8 2  
0 . 0 0  00 4 4 8 6 2 7
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TABLE 3 .4
The E f fe c t  o f  H eading P r e d ic to r  on th e  Number o f  C om putations 
UCM p e r  p o in t  r e q u ire d  f o r  th e  Locus shown in  F ig  3 . 3 .
LOCUS CO-ORDINATES PLUS HEADING PREDICTOR NORMAL ALGORITHM
X Y G C osc G c OSC
- 0 . 8 0 0 0 0 . 6 O 0 0 1 , 0 0 0 0 0 0 1 . 0 0 0 0 0 0
- 0 . 7 7 5 7 0 . 5 6 8 2 0 . 5 6 2 5 3 2 3 . 0 0 0 0 3 0
- 0 . 7 5 0 7 0 . 5 3 7 0 0 . 3 1 6 4 3 2 4 . 0 0 0 0 3 0
-  0 . 7 2 4' 8 0 . 5 0 6 6 0 . 1 7 8 0 3 2 6 . 0 0 0 0 3 0
- 0 . 6 9 7 7 0 . 4 7 7 1 0 . 1 0 0 1 3 2 8 .  0 0 0 0 3 0
- 0 . 6 6 9 0 0 . 4  493 0 . 0 5 6 3 3 2 1 0 . 0 0 0 0 3 0
- 0 . 6 3 8 1 0 . 4 2 3 8 0 . 0 3 1 7 3 2 1 3 . 0 0 0 0 4 0
- 0 . 6 0 4 4  • 0 . 4 0 2 3 0 . 0 1 7 8 3 2 1 6 . 0 0 0 0 4 0
- 0 . 5 6 7 4 0 . 3 8 7 5 0 . 0 1 0 0 3 2 2 0 . 0 0 0 0 4 0
- 0 . 5 2 7 Z , 0 . 3 8 3 1 0 . 0 0 5 6 3 2 2 3 . 0 0 0 0 3 0
- 0 .4 8 8 ,6 0 . 3 9 0 8 0 . 0 0 5 6 1 1 2 4 . 0 0 0 0 3 1
- 0 . 4 5 2 4 0 . 4 0 7 8 2 . 0 0 5 6 3 0 2 6 . 0 0 0 0 3 0
- 0 . 4 1 9 6 0 . 4 3 0 6 4 . 0 0 5 6 3 0 2 6 . 0 0 0 0 2 0
- 0 . 3 8 9 5 0 . 4 5 6 9 6 . 0 0 5 6 3 0 2 6 . 0 0 0 0 2 1
- 0 . 3 6 1 3 0 . 4 8 5 3 8 . 0 0 5 6 3 0 2 6 . 0 0 0 0 2 2
- 0 . 3 3 4 5 0 . 5 1 5 0 1 0 . 0 0 5 6 3 0 2 6 . 0 0 0 0 2 2
- 0 . 3 0 8 9 0 . 5 4 5 7 1 1 . 0 0 5 6 3 0 2 6 . 0 0 0 0 2 2
- 0 . 2 8 4 1 0 . 5 7 7 1 1 1 . 0 0 5 6 1 . 1 2 6 . 0 0 0 0 1 1
- 0 . 2 5 9 9 0 . 6  09 0 1 2 . 0 0 5 6 2 1 2 6 . 0 0 0 0 2 1
- 0 . 2 3 6 4 0 . 6 4 1 3 1 2 . 0 0 5 6 2 0 2 6 . 0 0 0 0 2 1
- 0 . 2 1 3 2 0 . 6 7 3 9 1 2 . 0 0 5 6 2 0 1 9 . 5 0 0 0 1 1
- 0 . 1 9  04 0 . 7 0 6 8 1 2 . 0 0 5 6 2 0 . 1 9 . 5 0 0 0 2 2
- 0 . 1 6 7 9 0 . 7 3 9 8 1 2 . 0 0 5 6 1 0. 1 9 . 5 0 0 0 1 0
- 0 . 1 4 5 7 0 . 7 7 3 1 1 2 . 0 0 5 6 2 0 ! 1 9 . 5 0 0 0 1 0
- 0 . 1 2 3 6 0 . 8 0 6  4 1 2 . 0 0 5 6 2 0 1 9 . 5 0 0 0 1 1
- 0 . 1 0 1 8 . 0 . 8 4 0 0 1 2 . 0 * 5 6 2 0 1 9 . 5 0 0 i) 1 1
- 0 . 0 8 0 0 0 . 8 7 3 5 1?_, 0 05 8 2 0 ; 1 9 . 5 0 0 0 1 0 '
KOOt LOCUS Of
( s 2 + 4 . 4 S + 9 . 6 ) ( s 2+20s +218)
- a
-10-15
O O
Fig 3 .4  Root Locus o f  an a i r c r a f t  p i t c h  a t t i t u d e  c o n tro l  loop  computed 
and p lo t t e d  on l i n e  in  65 seco n d s .
3 .4  C la s s ic a l  T echniques
3 . 4 . 1  In tro d u c t io n
F o llow ing  th e  h ig h  a cc u racy  w hich was o b ta in e d  u s in g  o n ly  a 
s im p le  h ead in g  p r e d i c to r ,  th e  a u th o r  d ec id ed  to  compare h i s  non­
l i n e a r  a d a p t iv e  a lg o rith m  w ith  a more o rthodox  a n a ly t i c a l  ap p ro ach . 
H aving once d ec id ed  to  t r a c k  th e  lo c u s  by d r iv in g  th e  s e a rc h  v e c to r  
to  ze ro  p hase  e r r o r ,  i t  would ap p ea r t h a t  c l a s s i c a l  te c h n iq u e s  cou ld  
be u sed  to  advan tage  to  p r e d ic t  th e  d i r e c t i o n  o f  th e  s e a rc h  v e c to r  
to  th e  n e x t p o in t  on th e  lo c u s . The o b je c t  o f  th e  fo llo w in g  a n a ly s i s  
i s  to  show t h a t  th e s e  te c h n iq u e s  la c k  th e  e le g a n t  s im p l ic i ty  o f  
th e  a u th o r ’ s method and fu r th e rm o re  t h a t  th e y  a re  a ls o  v e ry  much 
l e s s  e f f i c i e n t .
3 . 4 . 2  C om putation o f  th e  s lo p e  o f  th e  Chord jo in in g  two
p o in ts  on th e  lo cu s
%
Assuming t h a t  th e  p o in t  (x ,y )  l i e s  on th e  lo c u s , th e n  th e  
phase  e r r o r  <{> a t  th e  p o in t  (x+Ax, y+Ay) i s  g iv en  by
where As = Ax + j Ay, i s  th e  s e a rc h  v e c to r  from  th e  p o in t  (x ,y )  
on th e  lo c u s .
4>CX + ax , y + Ay) = <Kx*y) + f^r <Kx >y)- ax
+  | ^ -  . <j>(x > y ) -  "Ay + o  Cl  a s  12 )  . . . 3 . 4 . 1
I f  th e  p o in t  (x + a x ,  y + Ay) a l s o  l i e s  on th e  lo c u s  th e n
<KX + Ax, y + Ay) = <Kx>y) = 0 3 . 4 . 2
The head in g  o f  th e  se a rc h  v e c to r  jo in in g  th e s e  two
p o in t s  i s  th e r e f o r e  g iv e n  by
ip = ARCTAN1 = ARCTAN 3 . 4 . 3
Now <() (x ,y )  i s  known a n a l y t i c a l l y  from th e  p o s i t io n s  o f  th e  
open loop p o le s  and z e ro s  i . e .  
j=M
cf>(x,y) = S  ARCTAN £ (y -  ZY ..)/(x  -  Z X . ) J  
i=N
- I E  ARCTAN j~Cy -  PYi ) / ( x  -  PXp j  - (2k + l) ir  . 3 . 4 . 4
w here ZY. i s  th e  o rd in a te  o f  th e  j  th  ze ro  and PX. i s  th e
1 i
a b s ic c a  o f  th e  i  t h  p o le .  .
g
Hence a n a l y t i c a l  e x p re s s io n s  can be o b ta in e d  fo r  -r— <f>(x,y) and
OX
3 <Kx ,y )  by d i f f e r e n t i a t i o n  o f  e q u a tio n  (3 .4 .4 )  i . e .
dy
3 j=M ( y -  ZY.) , i=N (y - PY )
- < K x ,y )  = -  3 "  ------------ - -----------------------  + ^   — ------
and
3x f E i  (x -  ZX ) 2+(y -  ZY ) 2 i= l  (x -  P X .)2+ (y -P Y .)J J  J X X
3 .4 .5
3 j=M (x -  ZX.) i=N (x -  PX.)
K x ,y )=  ^  1
3y j r j  (X -  z x p 2+ cy -  ZY..)2 f (X -  PXi ) 2+(y -  PYi ) 2
3 . 4 . 6
3 .4 .3  A n a ly t ic a l  e x p re s s io n  f o r  th e  h ead in g  c o r r e c t io n
A h ead in g  fu n c t io n  H(ip) can now be d e f in e d  by th e  e q u a tio n
hGIO = <J>(X + As cos ip , y + a s  s in  i/O 3 . 4 . 7
w hich i s  ze ro  when ip  i s  th e  c o r r e c t  h ead in g  o f  th e  n e x t p o in t  
on th e  lo c u s .
Due to  th e  n o n - l in e a r  n a tu re  o f  th e  fu n c t io n  <f>(x,y) and 
th e  f a c t  t h a t  h ig h  o rd e r  term s w e re n e g le c te d , th e  i n i t i a l  h ead in g  
w i l l  be such t h a t  H(4'1) t 0*
An e s tim a te  o f  th e  change in  h ead in g  A \ p  t h a t  i s  r e q u ir e d  to  
b r in g  th e  t r i a l  p o in t  on to  th e  lo c u s  can be o b ta in e d  by expanding  
th e  fu n c t io n  H O ) abou t th e  h ead in g  ^  as  fo llo w s
Assuming t h a t  HOj^ + Aif>) = 0  i . e .  t h a t  t h i s  i s  now th e  c o r r e c t  
h e a d in g , th e n  th e  re q u ir e d  change A i p  i s  g iv e n  by
3 . 4 . 4  Comparison w ith  th e  A u th o r’s A lgorithm
W hile th e  c l a s s i c a l  method w i l l  e v e n tu a l ly  g iv e  an a c c u ra te  
p o in t  on th e  lo c u s , i t  i s  l e s s  e f f i c i e n t  th a n  th e  a u th o r ’s 
method f o r  th e  fo llo w in g  r e a s o n s .
(1) A complex c a l c u la t io n  in v o lv in g  th e  ARCTAN o f  th e  
sum o f  a s e t  o f  p a r t i a l  d e r iv a t iv e s  o b ta in e d  from each  o f  
th e  open loop p o le s  and zero s  i s  r e q u ir e d  to  even o b ta in  a 
f i r s t  ap p ro x im a tio n  to  th e  c o r r e c t  h ead in g  o f  th e  s e a rc h  
v e c to r .  In  th e  a u th o r ’s method t h i s  d i r e c t i o n  i s  o b ta in e d  
by a v e ry  s im p le  c a l c u la t io n  in v o lv in g  o n ly  th e  d i f f e r e n c e  
betw een th e  i n i t i a l  and f i n a l  a n g le s  o f  th e  s e a rc h  v e c to r  
a t  th e  p re v io u s  p o in t .
H O j + Ai|>) = HCV +1? ^ i3 ^  + 0 CM2) 3 . 4 . 8
A* = -  HWj ) 3 . 4 . 9
3 .4 .1 0
w hich when s im p l i f ie d  re d u c e s  to
3 9HO) = - <J>(x + As cos i ^ , .  y + As s i n  i ^ )  As s i n  ^
3+ t — <f>(x + As cos ip , y + As s in  i p . )  As cos ip, o y  l i i 3 .4 .1 1
(2) Both methods th e n  compute th e  p h ase  e r r o r  a t  
th e  f i r s t  t r i a l  p o in t .  I f  t h i s  v a lu e  l i e s  o u ts id e  th e  
to le r a n c e  band , th e  c l a s s i c a l  method would now have to  
p e rfo rm  a n o th e r  com plex c a l c u la t io n  in  o rd e r  to  app rox ­
im ate  th e  h ead in g  change r e q u ir e d  to  b r in g  th e  t r i a l  
p o in t  on to  th e  lo c u s . The a u th o r ’s method com putes th e  
r e q u ire d  change in  h ead in g  u s in g  a  s im p le  a d a p tu re  a u to ­
g a in  p a ra m e te r .
The su c c e ss  o f  th e  a u th o r ’s a lg o ri th m  o v e r a l l  o th e r  known 
te c h n iq u e s  i s  n o t o n ly  due to  i t s  s im p l i c i ty  b u t a l s o  to  i t s  
a d a p t iv e  n a tu re  w hich e n a b le s  i t  to  ta k e  ad v an tag e  o f  e x p e rie n c e  
gained a t' th e  o th e r  p o in t s  on th e  lo c u s .
3 .5  M o d if ic a tio n s  o f  th e  A lgo rithm  to  d e a l w ith  
p a r t i c u l a r  lo c u s  s i n g u l a r i t i e s
3 .5 .1  Break p o in ts
These o ccu r on th e  lo c u s  when two o r more o f  i t s  b ran ch e s  
c o a le s c e  a t  a  s in g le  p o in t .  U n lik e  p re v io u s  m ethods o f  au to m a tic  
lo c u s  p l o t t i n g ,  th e  a u t h o r 's  a lg o r i th m  i s  a b le  to  lo c a te  th e s e  
p o in t s  v e ry  a c c u r a te ly .
The method used  i s  b ased  on th e  f a c t  t h a t  th e  v a lu e  o f  K m ust 
in c re a s e  c o n tin u o u s ly  a lo n g  the lo c u s  and re a c h e s  a  s t a t i o n a r y  v a lu e  
a t  th e  b re a k  p o in t .  A b reak  p o in t  has o c c u rre d  i f  th e  v a lu e  o f  K 
a t  a  p o in t  on th e  lo c u s  i s  l e s s  th a n  t h a t  a t  th e  p re v io u s  p o in t .
The p o s i t i o n  o f  th e  b re a k  p o in t  i s  th e n  lo c a te d  more a c c u r a te ly  by 
ap p ro ach in g  i t  from th e  o v e rsh o o t p o s i t i o n  u s in g  a s m a l le r  v e c to r  le n g th .
In  p r a c t i c e  i t  i s  found t h a t  lo c a t io n  o f  a  b re a k  p o in t  to  a 
p o s i t i o n a l  a cc u racy  o f  0.1% o f  th e  w id th  o f  th e  p l o t  has  a n e g l ig ib l e  
e f f e c t  on th e  tim e  ta k e n  to  p l o t  th e  lo c u s .
S in ce  a l l  o th e r  known te c h n iq u e s  e i t h e r  f a i l  c o m p le te ly  a t  
b re a k  p o in t s  o r  e l s e  g iv e  i n c o r r e c t  r e s u l t s ,  th e  a u th o r  d ec id ed  
to  i n v e s t i g a t e  th e  u l t im a te  a cc u racy  t h a t  co u ld  be a ch iev ed  u s in g  
h i s  new a lg o r i th m .
The b re a k  p o in t  i s  lo c a te d  by com paring th e  v a lu e  o f  K w ith  
t h a t  a t  th e  p re v io u s  p o in t  on th e  lo c u s . I f  K has d e c re a se d  
th e n  th e  s e a rc h  v e c to r  i s  r o t a t e d  th ro u g h  180° and i t s  le n g th  i s  
red u ced  by a  f a c t o r  o f  10. N orm ally  o n ly  one r e v e r s a l  o f  d i r e c t i o n  
i s  em ployed, b u t f o r  th e  p u rp o se  o f  t h i s  ex p erim en t sev en  c ro s s in g s
o f  th e  b reak  p o in t  w ere u sed  g iv in g  a  f i n a l  v e c to r  le n g th  o f  10“ 7 As.
The change o f  d i r e c t i o n  o f  th e  lo c u s  b ran ch  a t  th e  b re a k  p o in t
i s  (tt/N) w here N i s  th e  lumber o f  b ran ch e s  e n te r in g  o r  le a v in g  t h a t
p o in t .  S in ce  th e  v a lu e  o f  N can n o t be known a - p r i o r i ,  th e  a lg o r i th m  
t e s t s  a sequence o f  v a lu e s  o f  N = 2 , 3 , 4  . .  e t c .  u n t i l  a d i r e c t i o n  
i s  found w here th e  v a lu e  o f  K i s  g r e a t e r  th a n  t h a t  a t  th e  b re a k  
p o in t .  The v e c to r  le n g th  i s  th e n  r e s to r e d  to  i t s  o r i g i n a l  v a lu e  As 
and th e  a lg o r i th m  r e tu r n s  to  norm al t r a c k in g  p ro c e d u re .
The f i r s t  exam ple chosen  i s  th e  fo u r  p o le  system  shown in  
F ig  3 .5  which i l l u s t r a t e s  th e  c a se  when N = 4 . A d e t a i l e d  p r i n t  
o u t o f  th e  lo c a t io n  o f  th e  b reak  p o in t  a t  (.-1, 0) i s  g iv e n  in  
t a b l e  3 .5  , w hich s t a r t s  when th e  v e c to r  le n g th  has been  red u ced
t o  1CT3 . T h is  i s  a  p a r t i c u l a r l y  s t r i n g e n t  t e s t  f o r  th e  method due 
to  th e  ex tre m e ly  low ra te  o f  change o f  K n e a r  to  th e  b re a k  p o in t  and 
in  t h i s  c a se  th e  f i n a l  p o s i t i o n a l  a c c u ra c y  i s  o n ly  1 p a r t  in  103 .
From ta b le  3 .5  i t  can be seen  t h a t  th e  l i m i t in g  f a c t o r  i s  th e  e f f e c t  o f  th e  
ro u n d in g  e r r o r s  in  th e  c a l c u la t io n  o f  th e  v a lu e  o f  K w hich i s  o n ly  
c o r r e c t  to  e le v e n  s i g n i f i c a n t  f i g u r e s .  The re a so n  why a l l  o th e r  
te c h n iq u e s  e i t h e r  d iv e rg e  o r  g iv e  in a c c u r a te  r e s u l t s  in  t h i s  c a se  i s  
p ro b a b ly  due to  th e  v e ry  low r a t e  o f  change o f  K.
- 3 ,0- 4 ,0
F ig  3 .6
2
TABLE 3 .5
L o ca tio n  o f  th e  b reak  p o in t  shown in  F ig  3 .5
X Y K
- 0 , 9 9 9 0 0 0 0 0 0 0  
- 1 . 0 0 0 0 0 0 0 0 0 0  
. 0 0 1 0 0 0 0 0 0 0  
- 1 . 0 0 0 9 0 0 0 0 0 0  
- 1 . 0 0 0 9 1 0 0 0 0 0  
. 0 0 0 9 2 0 0 0 0 0  
- 1 . 0 0 0 9 1 9 0 0 0 0  
. 0 0 0 ? 1 8 0 0 0 0  
- 1 , 0 0 0 9 1 8 1 0 0 0  
- 1 , 0 0 0 9 1 8 0 9 0 1  
- 1 , 0 0 0 9 1 8 1 Z Z 9  
- 0 . 9 3 0 2 0 8 7 3 8 9  
- 0 . 8 5 9 4 9 7 5 7 7 2
- 0 . 0 0 0 0 0 0 0 0 2 0
- 0 . 0 0 0 0 0 0 0 0 2 3  
- 0 . 0 0 0 0 0 0 0 0 2 5  
0 . 0 9 0 0 0 0 0 0 0 0  
- 0 . 0 0 0 0 0 0 0 0 0 0  
” 0 . 0  0 0 0 0 0 0 0 0 0 
0 . 0 0 0 0 0 0 0 0 0 0  
0 . 0 0 0 0 0 0 0 0 0 0  
- 0 . 0 0 0 0 0 0 0 0 0 0  
0 . 0 0 0 0 0 0 0 0 0 0  
0 . 1 0 0 0 0 0 0 0 0 0  
0 . 0 7 0 7 1 1 9 9 5 1  
0.  1 41 4221 696
1 . 0 0 0 0 0 0 0 0 0 0 1 2 7 3 2
1 . 0 0 0 0 0 0 0 0 0 0 2 1 8 2 7
1 . 0 0 0 0 0 0 0 0 0 0 1 2 7 3 2
1 . 0 0 0 0 0 0 0 0 0 0 1 2 7 3 2
1 . 0 0 0 0 0 0 0 0 0 0 2 1 8 2 7
1 . 0 0 0 0 0 0 0 0 0 0 1 2 7 3 2
1 . 0 0 0 0 0 0 0 0 0 0 2 1 8 2 7
1 . 0 0 0 0 0 0 0 0 0 0 2 1 8 2 7  
1 . 0 0 0 0 0 0 0 0 0 0 1  2 7 3 2
1 . 0 0 0 0 0 0 0 0 0 0 1 2 7 3 2  
0 . 9 9 9 9 0 0 0 5 0 5 6 3 1 5 5  
1 . 0 0 0 0 9 7 4 0 3 3 2 0 9 7 8  
1 . 0 0 1 5 7 9 2 2 6 0 6 7 4 0 6
TABLE 3 .6
L o ca tio n  o f  th e  b reak  p o in t  PI shown in  F ig  3 .6
X Y K
-1  . 9 9 9 9 5 9 9 9 9 9  
-1  . 9 9 9 9 6 9 9 9 9 9  
- 1  . 9 9 9 9 8 0 0 0 0 0  
-1  . 9 9 9 9 8 9 9 9 9 9  
-1 . 9 9 9 9 9 9 9 9 9 9  
- 2 .  0 0 0 0 0 9 9 9 9 9  
- 2 . 0 0 0 0 0 8 9 9 9 9  
- 2 , 0 0 0 0  0 9 1 0 0  0 
" 2 . 0 0 0 0 0 9 0 8 9 9  
" 2 . 0 0 1 6 2 5 8 6 7 7  
- 2 . 0 0 9 5 3 4 5 7 5 3  
- 2 . 0 2 2 7 2 2 2 5 1 9
- 0 . 0 0 0 0 0 0 0 0 0 0  
" 0 . 0 0 0 0 0 0 0 0 0 0  
" 0 . 0 0 0 0 0 0 0 0 0 0  
" 0 . 0 0 0 9 0 0 0  000
- 0 . 0 0 0 0 0 0 0 0 0 0  
- 0 . 0 0 0 0 0 0 0 0 0 0  
0 . 0 0 0 0 0 0 0 0 0 0  
- 0 . 0 0 0 0 0 0 0 0 0 0  
0 . o o o o o o o o o o
0 . 0 0 9 9 8 6 9 2 9 5  
0 . 1 9 9 6 7 3 7 0 0 6  
0 . 2 9 8 8 0 0 3 1 2 5
0 . 9 9 9 9 9 9 9 9 9 2 1 4 1 9 6  
0 . 9 9 9 9 9 9 9 9 9 5 7 0 7 1 8  
0 . 9 9 9 9 9 9 9 9 9 8 0 3 5 4 9  
0 . 9 9 9 9 9 9 9 9 9 9 6 3 6 2 0  
1 . 0 0 0 0 0 0 0 0 0 0 1 2 7 3 2  
0 . 9 9 9 9 9 9 9 9 9 9 6 3 6 2 0  
0 . 9 9 9 9 9 O 9 9 9 9 6 3 6 2 0  
0 . 9 9 9 9 9 9 9 9 9 9 5 6 3 4 4  
0 . 9 9 9 9 9 9 9 9 9 9 5 6 3 4 4  
1 . 0 0 4 9 9 7 0 7 1 6 7 7 2 8 0  
1 . 0 1 9 9 7 5 4 9 5 1 7 3 6 3 9  
1 . 0 4 4 9 0 5 0 1 7 7 4 3 0 7 6
The second example g iv en  in  F ig  3 .6  i s  more t y p i c a l  o f  th e  ty p e  
o f  b reak  p o in t  w hich a r i s e s  in  r o o t  lo c u s  p l o t t i n g  and i l l u s t r a t e s  
th e  c a s e  when N = 2. A d e t a i l e d  p r i n t  o u t o f  th e  lo c a t io n  o f  th e  
b re a k  p o in t  PI a t  ( - 2 ,0 )  i s  shown in  t a b l e  3 .6  which s t a r t s  when 
th e  v e c to r  le n g th  has been  red u ced  to  10“ . In  t h i s  c a se  th e  f i n a l  
p o s i t i o n a l  a cc u racy  ach iev ed  was 1 p a r t  in  2 x 105 .
3 .5 .2  U nusual lo c u s  p r o p e r t i e s  in  th e  r e g io n  o f  c e r t a i n  z e ro s
D uring th e  e a r ly  s ta g e s  o f  developm ent o f  th e  a lg o ri th m  a  v e ry  
i n t e r e s t i n g  phenomena o c c u rre d  on s e v e ra l  l o c i  as  th e  s e a rc h  v e c to r  
approached  one o f  th e  z e ro s .  A lthough th e  v e c to r  le n g th  was o f te n  
as sm a ll as 0 .0 2  in c h e s  and th e  maximum v a lu e  o f  K was l e s s  th a n  10 
th e  t r a c k in g  p ro c e d u re  su d d en ly  became c o m p le te ly  u n s ta b le  as shown 
in  F ig  3 . 7 .
D e ta i le d  in v e s t ig a t io n s  in to  th e  cause  o f  t h i s  i n s t a b i l i t y  w ere 
c a r r i e d  o u t by p l o t t i n g  c o n s ta n t  K c o n to u rs  in  th e  re g io n  o f  th e  z e ro . 
I t  was found t h a t  th e s e  c o n to u rs  w ere ap p ro x im a te ly  c i r c u l a r  and t h a t  
th e  v a lu e  o f  K in c re a s e d  r a p id ly  from  10 to  i n f i n i t y  w ith in  a r a d i a l  
d is ta n c e  o f  0 .01  in c h e s  o f  th e  z e ro . The i n s t a b i l i t y  was th e r e f o r e  
due to  th e  s e a rc h  v e c to r  s te p p in g  o v er th e  z e ro  b e fo re  th e  maximum 
v a lu e  o f  K had been  re a c h e d .
V ario u s  te c h n iq u e s  o f  overcom ing t h i s  d i f f i c u l t y  were t r i e d  such  
as  com puting th e  d is ta n c e  o f  th e  t r i a l  p o in t  from  each  z e ro ,  and 
c a l c u la t in g  th e  v a lu e s  o f  K a t  r a d i a l  d is ta n c e s  As around th e  
z e ro s .  A lthough th e s e  methods were s u c c e s s fu l  in  p re v e n t in g  ze ro  
s te p  o v e r , th e y  c o n s id e ra b ly  in c re a s e d  th e  tim e  ta k e n  to  p l o t  th e  
lo c u s .  D e ta i le d  p r i n t  o u t o f  th e  t r a c k in g  p ro ced u re  showed t h a t  th e  
v e c to r  n o rm a lly  s te p s  o v er th e  ze ro  on to  o r  v e ry  n e a r  to  th e  0° lo c u s .
T h is  means t h a t  th e  m agnitude o f  th e  p hase  e r r o r  su d d en ly  in c r e a s e s  to
Root lo c u s  o f
K ( s + 0 .1 4 8 )(s+Q .27±j 0 .349 )
s (s+ 1 )(s+ 1 .6 6 7 ) ( s + 0 .2 ) (s+ 0 .203± j 0 .7 2 5 )
+a
- 1 . 0 -0 .5
- 0 .
Fig 3 .7  Locus showing th e  e f f e c t  o f  ze ro  s te p  o v e r on th e  b a s ic  
t r a c k in g  p ro c e d u re .
abou t 3 r a d ia n s .  S ince  p h ase  e r r o r  i s  r e q u ire d  f o r  norm al t r a c k in g ,  
th e n  t e s t i n g  i t s  m agnitude h as  a n e g l ig ib l e  e f f e c t  on th e  com puting 
tim e  and i t  p roved  to  be a  v e ry  u s e f u l  method fo r  d e t e c t in g  and p r e v e n t­
in g  z e ro  s te p  o v e r .
3 .6  P lo t t in g  C o n stan t Gain C ontours 
' 3 . 6 . 1  In tro d u c t io n
The su c c e s s  o f  th e  a u th o r ’s cu rv e  fo llo w in g  a lg o ri th m  has now 
opened up th e  p o s s i b i l i t y  o f  a u to m a tic  p l o t t i n g  o f  a w ide v a r i e t y  o f  
u s e fu l  c o n to u rs .  In  p a r t i c u l a r  i t  sho u ld  now be p o s s ib le  to  o b ta in  
th e  c o n s ta n t  g a in  c o n to u rs  o f  a  p o le -z e ro  p a t t e r n .
When th e s e  a re  ta k e n  in  c o n ju n c tio n  w ith  th e  r o o t  lo c u s  p l o t  o f  
th e  system  th e y  p ro v id e  th e  d e s ig n e r  w ith  a com plete  g lo b a l p ic tu r e  
showing how th e  c lo se d  loop  p o le  p o s i t i o n s  v a ry  w ith  loop  g a in  K.
3 .6 .2  P lo t t i n g  p ro ced u re
C o n s tan t g a in  c o n to u rs  o f  a  p o le -z e ro  p a t t e r n  a re  g e n e r a l ly  more 
d i f f i c u l t  to  p l o t  th a n  th e  c o rre sp o n d in g  p h ase  an g le  l o c i  s in c e  th e y  
do n o t s t a r t  o r  te rm in a te  on any o f  th e  s i n g u l a r i t i e s  o f  th e  open loop  
t r a n s f e r  fu n c t io n .  F u rtherm ore  a  s in g le  v a lu e  o f  K can o f te n  g iv e  
r i s e  t o  more th a n  one c lo se d  loop  c o n to u r.
The s e a rc h  f o r  a c o n s ta n t  g a in  c o n to u r  b e g in s  a t  th e  p o le  P 
which has th e  l a r g e s t  n e g a t iv e  r e a l  p a r t .  A f i r s t  t r i a l  p o in t  i s  
ta k e n  a t  a p o in t  T on th e  n e g a t iv e  r e a l  a x is  w hich i s  la rg e  com pared 
w ith  P. The v a lu e  o f  K i s  th e n  computed a t  T and a p o in t  M w hich i s  
mid-way betw een T and P. From th e s e  c a l c u la t io n s  th e  a lg o r i th m  d e c id e s  
i f  th e  f i r s t  p o in t  on th e  lo c u s  l i e s  in  th e  ran g e  PM o r  MT. The 
c o r r e c t  ran g e  i s  th e n  h a lv e d  and th e  p ro c e s s  i s  r e p e a te d  u n t i l  a 
p o in t  i s  found which h as  th e  s p e c i f i e d  v a lu e  o f  K.
I f  th e  a lg o ri th m  has f a i l e d  to  lo c a te  th e  v a lu e  o f  K a f t e r  
100 i t e r a t i o n s ,  i t  i s  assumed t h a t  th e  c o n to u r  does n o t i n t e r s e c t  t h a t  
d i r e c t io n  o f  th e  s e a rc h  l i n e .  A new d i r e c t io n  i s  th e n  t r i e d  and th e  
p ro c e s s  i s  r e p e a te d  u n t i l  th e  v a lu e  o f  K i s  lo c a te d .
Once th e  f i r s t  p o in t  has been  lo c a te d  a sm a ll se a rc h  v e c to r  s e t s  
o f f  in  a  d i r e c t i o n  w hich i s  o r th o g o n a l to  th e  se a rc h  l i n e .  The t r i a l  
p o in t  th e n  i t e r a t e s  tow ards th e  co n to u r u s in g  th e  same a lg o r i th m  as 
t h a t  d e s c r ib e d  f o r  p l o t t i n g  c o n s ta n t  p h ase  a n g le  l o c i .  In t h i s  c a s e ,  
how ever, th e  e r r o r  i s  th e  d i f f e r e n c e  betw een th e  g a in  a t  th e  t r i a l  
p o in t  and th e  v a lu e  o f  K f o r  t h a t  c o n to u r .
U n lik e  th e  180° r o o t  lo c u s ,  th e  to le r a n c e  band m ust be a d ju s te d  
f o r  each  new v a lu e  o f  K. In  o rd e r  to  ach ie v e  s im i la r  speed  and 
p o s i t i o n a l  a cc u racy  to  th e  p h ase  a n g le  l o c i ,  th e  to le r a n c e  band i s  
s e t  t o  10 2% o f  th e  nom inal v a lu e  o f  K. The p l o t t i n g  o f  a  c o n to u r  
c o n tin u e s  u n t i l  i t  becomes c lo se d  o r  re a c h e s  one o f  th e  b o u n d a r ie s  
d e f in in g  th e  s i z e  o f  th e  p l o t .
A no ther c o n to u r  i s  th e n  p l o t t e d  around  th e  same p o le  and th e  
p ro c e s s  i s  r e p e a te d  f o r  a l l  th e  r e q u ire d  v a lu e s  o f  K. The a lg o r i th m  
th e n  s e a rc h e s  f o r  c o n to u rs  around th e  rem a in in g  p o le s  and p l o t s  th o s e  
c o n to u rs  w hich have n o t p r e v io u s ly  been  p l o t t e d .  In  t h i s  way th e  
com plete  s e t  o f  c o n s ta n t  g a in  c o n to u rs  can be o b ta in e d  a s  i l l u s t r a t e d  
in  F ig  3 .8 .
The 19 c lo se d  c o n to u rs  f o r  t h i s  system  w ere computed and p l o t t e d  
o n - l in e  in  l e s s  th a n  300 seco n d s . W hile t h i s  i s  c o n s id e ra b ly  lo n g e r  
th a n  t h a t  f o r  p h ase  an g le  l o c i ,  th e  e x t r a  tim e  i s  e n t i r e l y  due to  th e  
a d d i t io n a l  s e a rc h  p ro ced u re  r e q u ire d  to  lo c a te  th e  s t a r t i n g  p o in t  o f  
each  lo c u s .
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A part rrom  m e  rew c a se s  d e r iv e d  oy biacKman wnere g a m  c o n to u rs  can 
be p lo t t e d  by e v a lu a t in g  a n a l y t i c a l  e x p re s s io n s  (20), such cu rv es  have n o t 
p re v io u s ly  been  a v a i la b le  to  th e  d e s ig n e r .
3 .7  The Root Loci o f  System s which in c lu d e  Pure Time D elay
3 .7 .1  Phase c o r r e c t io n  r e p r e s e n ta t io n  o f  p u re  tim e  d e la y
To p l o t  an a c c u ra te  ro o t  lo c u s  o f  a  p u re  tim e d e la y  system  one must 
lo c a te  p o in t s  in  th e  S p la n e  w hich s a t i s f y  th e  e q u a tio n .
-1  = Ke"ST G(s) 3 .7 .1
The an g le  c o n d i t io n  th e n  becomes
a rg  G(s) + <f>c = (2k+ l) ir 3 . 7 . 2
w here <f>c = - ojt i s  th e  phase  c o r r e c t io n .
Curves o f  c o n s ta n t  <{>c a re  th e r e f o r e  s t r a i g h t  l i n e s  p a r a l l e l  to  th e  
r e a l  a x is  as shown in  F ig  3 . 9 .
The v a lu e  o f  K a t  any p o in t  on th e  lo c u s  i s  g iv en  by
exp (ot)  ^ 7 ^
K -  16(5)1 3 -7 - 3
A g r e a t  advan tage  o f  th e  p h ase  c o r r e c t io n  te c h n iq u e  i s  t h a t  i t  
can a ls o  be u sed  to  r e p r e s e n t  d i s t r i b u t e d  p a ra m e te r  e lem en ts  such 
as a  h e a t  exchange. In  t h i s  ca se  th e  t r a n s f e r  fu n c tio n  i s
—  y/s J
e and th e  phase  c o r r e c t io n  <j>c i s  g iv en  by
^c ~ ~ J T a 2 + oj2 a 3 . 7 . 4
C urves o f  c o n s ta n t  <|>c a re  th e n  c o n fo c a l p a r a b o l la e  as shown in  
F ig  3 .1 0  and a re  d e f in e d  by th e  e q u a tio n
3
.
< c  = ' 2 t 2
*c = ~T 1
' $ = 0o Tc
, >j — i----------- r------—r i j
-9  -8  -7  -6  -5  -4  -3  -2  -1
<f> = TYc
............. 1 'J*
0
4>c  = 2 t
4
= 3 t
-2
-3
"3 03
Fig  3 .9  Phase Angle R e p re s e n ta tio n  o f  th e  e f f e c t  o f  a
“StPure Time D elay e
/:;■!
+a
F ig  3 .1 0  Phase A ngle R e p re s e n ta tio n  o f  
a D is t r ib u te d  Lag e ->/^ ~
xiiw vo-xwt; wx i\ a.L, c m y  jjuxiiL uu Liie j.ucu£> can De c a lc u la te d  trom  tn e  
e x p re s s io n
K = J gW  exp
J  'I o~2+ CO2  + a 3 . 7 . 8
Manual p l o t t i n g  o f  d i s t r i b u t e d  la g  and p u re  tim e  d e la y  l o c i  u s in g  a 
s p i r u l e  can ta k e  up to  th r e e  o r  fo u r  h o u rs  even f o r  s im p le  p o le  ze ro  
p a t t e r n s .  Chu(21) has su g g e s te d  t h a t  one sh o u ld  f i r s t  p l o t  a  fa m ily  
o f  p h ase  a n g le  l o c i  and th e n  superim pose th e s e  on th e  p h ase  c o r r e c t io n  
l i n e s  shown in  F ig  3 .1 0 . The main d isa d v a n ta g e  w ith  t h i s  app ro ach  i s  
th a t  even i f  th e  d e s ig n e r  f i r s t  p lo t s  th e  p h ase  an g le  l o c i  he s t i l l  
has to  add th e s e  to  th e  p hase  c o r r e c t io n  cu rv es  and s e a rc h  f o r  p o in t s  
where th e  n e t  p hase  an g le  i s  180°.
A lthough th e s e  te c h n iq u e s  g iv e  th e  e x a c t modes in  th e  c lo se d  
loop  t r a n s i e n t  r e s p o n s e , th e  work in v o lv e d  in  c o n s tr u c t in g  th e  l o c i  
has so f a r  made them im p ra c t ic a l  f o r  th e  d e s ig n  o f  c o n tro l  sy s te m s .
3 . 7 . 2  E x ten s io n  o f  th e  a u th o r 's  a lg o r i th m  to  p l o t  th e  p rim ary  
b ran ch es  o f  th e  lo c u s
U n like  a l l  p re v io u s  m ethods o f  a u to m a tic  p l o t t i n g ,  th e  a u t h o r 's  
a lg o ri th m  can be used  to  p lo t  th e s e  l o c i  w ith  g r e a t  speed  and a c c u ra c y .
I t  can a l s o  be used  to  o b ta in  th e  c o rre sp o n d in g  c o n s ta n t  g a in  c o n to u rs .
The p h ase  e r r o r  a t  th e  t r i a l  p o in t  (cr^, w ) now becomes
<f>t  = a rg  G(ot  + jcot ) - tt + cot  t 3 . 7 . 9
w here t i s  th e  p u re  tim e  d e la y .
And th e  v a lu e  o f  K a t  each s u c c e s s fu l  p o in t  i s  c a l c u la te d  from  
e q u a tio n  3 . 7 . 8 .
S in ce  th e  a u th o r 's  o r ig i n a l  method i s  b ased  on p hase  a n g le  e r r o r ,  
th e  s l i g h t l y  more com plex e x p re s s io n s  f o r  $ h as  a  n e g l ig ib l e  e f f e c t  
on th e  tim e  ta k e n  to  p l o t  th e  lo c u s .  U sing t h i s  method each b ran ch  
i s  an a c c u ra te  lo c u s  o f  one o f  th e  r o o ts  o f  th e  i n f i n i t e  o rd e r  
p o ly n o m ia l.
A lthough th e r e  a re  an i n f i n i t e  number o f  b ra n c h e s , th e  d e s ig n e r  
can now s e l e c t  a s u f f i c i e n t  number o f  a c c u ra te  ro o ts  to  o b ta in  a 
c lo s e  ap p ro x im atio n  to  th e  c lo se d  lo o p  t r a n s i e n t  re sp o n s e .
3 . 7 . 3  L o ca tio n  o f  th e  e x t r a  b ran ch e s  o f  th e  lo c u s
The e f f e c t  o f  pu re  tim e  d e la y  on th e  r o o t  lo c u s  o f  th e  system  
K/s i s  shown in  F ig  3 .11  from  w hich i t  can be seen  t h a t  th e  e x t r a  
b ran ch e s  o f  th e  lo c u s  do n o t  s t a r t  a t  th e  open loop  p o le ,  b u t  o r i g i n a t e  
from th e  i n f i n i t e  o rd e r  p o le  a t  i n f i n i t y .
The a lg o ri th m  f i r s t  p lo t s  th e  b ran ch e s  from  th e  open lo o p  p o le s  
and th e n  moves th e  t r i a l  p o in t  to  th e  bottom  l e f t  hand c o rn e r  o f  
th e  p l o t  w here i t  i n i t i a t e s  a  "LOCK-ON" p ro c e d u re  w hich o p e ra te s  
as  fo llo w s .
The t r i a l  p o in t  moves v e r t i c a l l y  upw ards in  s te p s  o f  0 .1  As 
u n t i l  i t  d e t e c t s  a change in  th e  s ig n  o f  th e  p hase  e r r o r .  T h is  
o ccu rs  when th e  t r i a l  p o in t  has p a sse d  th ro u g h  a  0° o r  180° b ran ch  
o f  th e  lo c u s .  To d i s t i n g u i s h  betw een th e s e  two c a s e s ,  th e  a lg o r i th m  
a ls o  t e s t s  th e  m agnitude o f  th e  p hase  e r r o r ,  w hich f o r  th e  180° lo c u s  w i l l  be 
l e s s  th a n  1 .5  r a d ia n s ,  s e e  F ig  3 .1 2 .
When th e  c o r r e c t  b ran ch  has been  lo c a te d ,  th e  s e a rc h  v e c to r  i s  
r o ta t e d  th ro u g h  -90° and th e  t r i a l  p o in t  moves on to  th e  lo c u s  u s in g  
th e  norm al t r a c k in g  p ro c e d u re . Once th e  f i r s t  anchor p o in t  h as  been  
e s ta b l i s h e d  th e  se a rc h  v e c to r  i s  r e s to r e d  to  i t s  o r ig i n a l  le n g th  and 
th e  rem a in d e r o f  th e  b ran ch  i s  th e n  p l o t t e d .
tt/ 2 t
-3
F ig  3 .11 Root Locus o f  t h e  Pure Time Delay System
-ST
K - -----  , where t = 4 seco n d s .s
180
90
0
l l x
2tt
-90
F ig  3 .12  V a r ia t io n  o f  Phase E r ro r  <J> a long  th e  joj a x i s  f o re
the time delay locus shown in Fig 3.11.
The n e x t  d e la y  b ranch  i s  l o c a te d  by s t a r t i n g  th e  t r i a l  p o i n t  a t  
t h e  l e f t  hand s id e  o f  t h e  p l o t  w i th  a v e r t i c a l  d is p la c e m e n t  equa l to  
th e  peak v a lu e  d e t e c t e d  on th e  p re v io u s  b ran ch .  The p ro c e s s  i s  th e n  
r e p e a te d  u n t i l  5 e x t r a  b ran ch e s  have been  p l o t t e d  o r  th e  t r i a l  p o i n t  
has exceeded th e  a u to m a tic  c u t  o u t  b o u n d a r ie s  which d e f in e  th e  s i z e  
o f  th e  p l o t .
A ccu ra te  p u re  tim e d e la y  l o c i  such as t h a t  shown in  F ig  3 .11  
a r e  t h e  f i r s t  t o  be p l o t t e d  u s in g  a com puter. The a u th o r  c la im s  
t h a t  t h e  a b i l i t y  t o  p l o t  t h e s e  l o c i  a t  a r a t e  o f  4 seconds p e r  
b ranch  t o  an acc u racy  o f  20 seconds o f  a r c ,  r e p r e s e n t s  a c o n s id e r a b le  
e x te n s io n  to  th e  d e s ig n  c a p a b i l i t y  o f  th e  r o o t  lo c u s  te c h n iq u e .
3 .7 .4  C o n s tan t  g a in  c o n to u rs
In  o r d e r  t o  c a l i b r a t e  th e  pure  t im e  d e la y  r o o t  l o c i  and d e t e r ­
mine where th e  c lo s e d  loop  p o le s  a re  i n s e n s i t i v e  t o  g a in ,  th e  c o n s t a n t  
g a in  c o n to u r  program was a l s o  m o d if ie d .
In  t h i s  c a se  th e  v a lu e  o f  K a t  th e  t r i a l  p o i n t  i s  c a l c u l a t e d  from 
t h e  e x p re s s io n
eaT
K = |G (a + » |
U nlike  t h e  r o o t  lo c u s ,  t h e r e  a re  no e x t r a  b ran ch e s  produced  i n  t h i s  
c a s e .  The g e n e ra l  e f f e c t  i s  t o  d i s t o r t  t h e  shape o f  th e  c o n to u rs  so 
t h a t  th e y  a r e  no lo n g e r  c lo s e d  ex cep t n e a r  t o  a  p o le  o r  z e ro .
The e f f e c t  o f  a  0 .1  second d e la y  on th e  c i r c u l a r  g a in  c o n to u rs  
o f  t h e  system  K/s i s  shown i n  F ig  3 .1 3 .  An i n t e r e s t i n g  f e a t u r e  o f  t h i s  
system  i s  t h e  f a c t  t h a t  th e  v a lu e  o f  K a t  th e  b reak  p o in t  i s  now t h e  
maximum v a lu e  o f  ga in  which g iv e s  r i s e  t o  a  c lo s e d  c o n to u r .

When th e s e  c o n to u rs  a r e  combined w ith  th e  r o o t  lo cu s  o f  a p u re  
t im e  d e la y  system  th e y  p ro v id e  a com ple te  p i c t u r e  o f  th e  movement o f  
th e  c lo s e d  loop  p o le s  w ith  v a r i a t i o n  i n  loop  g a in .
3 .8  Summary
A d e t a i l e d  s tu d y  o f  p r e s e n t  methods o f  a u to m a t ic  r o o t  lo c u s  
p l o t t i n g  has shown t h a t  th e y  a l l  have v e ry  s e r io u s  l i m i t a t i o n s  and 
a r e  o f t e n  u n r e l i a b l e  even f o r  s im ple  l o c i .  The a u t h o r ’s new method 
has overcome th e s e  d i f f i c u l t i e s  and can a l s o  be used  t o  o b t a in  r o o t  
l o c i  o f  system s which have p u re  tim e  d e la y  o r  d i s t r i b u t e d  l a g .  I t
has  a l s o  been  u sed  s u c c e s s f u l l y  t o  o b ta in  th e  f i r s t  computer p l o t s
o f  c o n s ta n t  g a in  c o n to u r s .  These a re  a p a r t i c u l a r l y  u s e f u l  a d d i t i o n  
t o  th e  normal r o o t  lo c u s  s in c e  th e y  en ab le  th e  d e s ig n e r  t o  o b ta in  
th e  p o s i t i o n  o f  th e  c lo s e d  loop  p o le s .
The a u th o r  c la im s  t h a t  th e  method i s  o r i g i n a l  and i s  s u p e r i o r  t o
any o t h e r  known te c h n iq u e .  I t  has  been e x t e n s i v e ly  t e s t e d  i n  con 
j u n c t i o n  w ith  i n d u s t r y  and i s  now a b le  t o  p l o t  th e  r o o t  lo c u s  o f  
ANY l i n e a r  system . An i n t e r e s t i n g  f e a t u r e  o f  th e  new a lg o r i th m  
i s  i t s  a b i l i t y  to  l o c a t e  b reak  p o in t s  w ith  g r e a t  speed and a c c u ra c y .  
T h is  means t h a t  i t  cou ld  be used  i n  r e v e r s e  t o  s o lv e  th e  a g e -o ld  
problem  o f  f a c t o r i n g  p o ly n o m ia ls  when th e y  have one o r  more r e p e a te d  
r o o t s .
The su c c e ss  o f  th e  method has  made p o s s i b l e  th e  developm ent o f  
a  low c o s t  (£1500) Hybrid Computer c ap a b le  o f  d i s p l a y in g  r o o t  
lo c u s  on a CRO. T his  com puter i s  a t  p r e s e n t  b e in g  b u i l t  i n  th e  
Department by Mr. Mansi who h o ld s  j o i n t  p a t e n t s  on th e  machine w i th  
th e  a u th o r  and th e  N a tio n a l  R esearch  and Development C o rp o ra t io n  . (22)
THE USE OF ROOT LOCI FOR THE ANALYSIS OF CLOSED
LOOP PURE TIME DELAY SYSTEMS
4 .1  I n t r o d u c t io n
One o f  th e  main advan tages  o f  th e  a u t h o r ’s s e a rc h  v e c t o r  method i s  
t h a t  i t  can be ex tended  to  g iv e  a c c u r a te  r o o t  l o c i  o f  system s which con­
t a i n  p u re  t im e  d e la y  o r  d i s t r i b u t e d  l a g .  T h is  means t h a t  th e  d e s ig n e r  
can now o b ta in  th e  ex a c t  p o s i t i o n s  o f  th e  c lo s e d  loop  p o le s  and can 
t h e r e f o r e  a c c u r a t e l y  p r e d i c t  th e  t r a n s i e n t  r e s p o n s e .  The a b i l i t y  to  p l o t  
th e s e  l o c i  now removes th e  need  t o  approx im ate  th e  e f f e c t s  o f  tim e d e la y  
by means o f  Pade f u n c t io n s  o r  t r u n c a t e d  M aclau rin  s e r i e s .  I t  a l s o  
e n a b le s  th e  d e s ig n e r  t o  s p e c i f y  a d e s i r e d  t r a n s i e n t  r e sp o n s e  and o b ta in  
th e  r e q u i r e d  open loop  system  by p l o t t i n g  th e  0° lo c u s  which p a s s e s  
th ro u g h  th e  open loop p o l e s .
The a u th o r  a l s o  shows how th e s e  l o c i  can be  used  to  i d e n t i f y  th e  
dynamics o f  a p u re  tim e d e la y  system  f o r  th e  t r a n s i e n t  modes c o n ta in e d  
i n  i t s  c lo s e d  loop im pulse  r e s p o n s e .
4 .2  Methods o f  A pproxim ating  th e  C losed loop  system
4 .2 .1  S ta tem en t o f  th e  problem
From th e  b lo c k  d iagram  o f  th e  g e n e ra l  p u re  t im e  d e la y  system  shown 
in  F ig  4 .1 ,  i t  can be seen  t h a t  th e  c lo s e d  loop t r a n s f e r  f u n c t i o n  i s  o f  
th e  form
C ( s )  „ ------- ^ C G ( s ) ---------------  4 2 a
K [ eST + KG(s) ]
S ince  t h e r e  a re  an i n f i n i t e  number o f  c lo s e d  loop  p o le s  i n  t h i s  
c a s e ,  th e  re sp o n se  o f  th e  system  can o n ly  be o b ta in e d  by ap p ro x im a tin g  
th e  c h a r a c t e r i s t i c  e q u a t io n  by a f i n i t e  o rd e r  p o ly n o m ia l .  T h is  i s  
n o rm a l ly  ach iev ed  u s in g  some form o f  a p p ro x im a tio n  to  th e  t im e  d e l a y .
m e a-ccura.cy u i  suen an appruxxmauion aepenas on m e  o r a e r  o r  m e  
app ro x im atin g  po lynom ial u sed .  An a c c u r a te  p r e d i c t i o n  o f  th e  t r a n s i e n t  
re sp o n se  r e q u i r e s  th e  u se  o f  a  h ig h  o r d e r  po lynom ial w ith  consequen t 
e x te n s iv e  c a l c u l a t i o n  to  e v a lu a te  th e  r e s p o n s e .
Theva u th o r  p r e s e n t s  an a l t e r n a t i v e  approach in  which th e  system  i s  
r e p r e s e n te d  by a l i n e a r  c lo s e d  loop  system  a s s o c i a t e d  w ith  a  m o d if ied  
d e la y .  The a p p r o p r ia te  c lo se d  loop  p o le s  a re  o b ta in e d  d i r e c t l y  from 
th e  r o o t  lo c u s  o f  th e  system .
4 .2 .2  Methods o f  a p p ro x im a tin g  th e  t im e  d e la y
S e r ie s  Expansion
The M aclau rin  s e r i e s  ex pans ion  f o r  th e  p u re  t im e  d e la y  f u n c t i o n  
e~ST g iven  by
N = CO
e‘ ST = I f - n N i l l !  4 2 2
N = 0 N!
T h is  can be t r u n c a t e d  by expanding th e  co r re sp o n d in g  s e r i e s  
stf o r  1 /e  namely
N = CO
i_ - I N!
ST N = 0 f  .N i (st)
4 . 2 . 3
o r  e l s e  i t  can be e x p re s se d  in  th e  form
-st _ L im it -------    4 . 2 . 4
6 N -> 00 n  + JLL
1 N J
i n  which c a se  i t  can be re g a rd e d  as an Nth o rd e r  r e a l  p o le  a t  s = - N / t .
The g e n e ra l  form o f  th e  e q u iv a le n t  c lo s e d  loop  system  a r i s i n g  from 
th e  u s e  o f  t r u n c a t e d  M aclau rin  s e r i e s  ap p ro x im a tio n  to  th e  d e la y  i s  
shown in  F ig  4 .2 .
-ST KG (s)
F ig  4 .1  Unity, n e g a t iv e  feedback  c o n t r o l  system  w ith  a p u re  
t im e  d e la y  o f  t seconds i n  th e  fo rw ard  p a th .
KG(s)
(st)
Fig  4 .2  A pproxim ation t o  th e  d e la y  by a T runca ted  M ac lau r in  
S e r ie s  Expansion o f  l / e ST.
KG(s)
F ig  4 .3  A pproxim ation t o  th e  d e la y  u s in g  Non-Minimum Phase Pade 
F u n c t io n s  f o r  e “ST.
Pade F u n c tio n s
Perhaps th e  most w id e ly  used  app ro x im a tio n s  t o  tim e d e la y  a r e  th e  
non-minimum p h ase  f u n c t io n s  due to  Pade The f i r s t  o rd e r
ap p ro x im a tio n s  b ased  on t h i s  p r i n c i p l e  i s  g iven  by
-st (s -  2/t) , • s2t2 s3t3 . 0
e c  w ~ W  = 1 " ST + ~  ■ —  4 - 2
H igher o r d e r  app ro x im a tio n s  which a r e  v a l i d  f o r  a g r e a t e r  ran g e  o f  cot 
a r e  g iv en  by th e  e q u a t io n
r=N (s2t 2 -  2£ t s + 1)
e‘ S T = n--------- — ^ ----------J— ' ---------------------------------------------------------- 4 .2
r= l  (s2t 2 + 2~c, t s + 1)v r  ^ r  r  J
r=N
where t  = Y 4 C . t
r = l
4 .2
P rov ided  th e s e  fu n c t io n s  a re  o f  s u f f i c i e n t l y  h igh  o r d e r  t o  p roduce  
l e s s  th a n  1° p hase  e r r o r  o v e r  th e  normal cot band o f  th e  sy s tem , th e n  
th e y  g iv e  a f a i r l y  good app ro x im a tio n  t o  th e  c lo s e d  loop r e s p o n s e .
They do , however, have th e  s e r io u s  d is a d v a n ta g e  t h a t  th e y  p r e d i c t  an 
o u tp u t  f o r  th e  system  p r i o r  t o  th e  d e l a y .
The e q u iv a le n t  c lo se d  loop  system  o b ta in e  d u s in g  Pade F u n c t io n s  
f o r  t h e  t im e  d e la y  i s  shown in  F ig  4 .3 .
4 . 2 .3  The Author*s method u s in g  r o o t  lo cu s  p l o t s
S in ce  e q u a t io n  ( 4 .2 .1 )  cou ld  a l s o  have been w r i t t e n  i n  t h e  form
C (s )  = e~ST KG(s) A . 2
R 1 + KG(s) e " ST
th e n  th e  c lo se d  loop  ^ s te m  cou ld  a l s o  have been  approx im ated  as ' 
shown i n  F ig  4 .4  by th e  d e lay ed  l i n e a r  system
K'G*(s)
F ig  4 .4  E q u iv a le n t  d e lay ed  L in e a r  System in  which th e  p o le s  
and zeros  o f  KfG*(s) a re  o b ta in e d  from th e  r o o t  
lo c u s  p l o t  o f  -1 = KG(s) e“ ST
- s
Fig  4 .5  Second o rd e r  Type I system  w ith  a 1 second pure  tim e 
d e la y  in  th e  fo rw ard  p a th .
where th e  z e ro s  o f  G’ (s) a r e  th o s e  o f  th e  o r i g i n a l  system  G(s) and th e  
p o le s  a re  th e  r o o t s  o f  th e  c lo s e d  loop  p o ly n o m ia l .  The r o o t s  o f  th e  
com ple te  c lo s e d  loop po lynom ia l a r e ,  o f  c o u r s e ,  i n f i n i t e  i n  number b u t  
i n  g e n e ra l  o n ly  a few o f  th e  r o o t s  dom inate  th e  r e s p o n s e .  An in s p e c ­
t i o n  o f  th e  r o o t  lo c u s  p l o t  o f  an a c t u a l  system  w ith  f i n i t e  d e l a y  shows 
t h a t  th e  dominant p o le s  a r e  a s s o c i a t e d  w ith  th e  p r im ary  b ran ch e s  o f  
t h e  lo c u s .  O ther p o le s  which may s i g n i f i c a n t l y  c o n t r i b u t e  t o  th e  
re sp o n s e  a r e  lo c a te d  on th e  e x t r a  b ran ch e s  which a r e  n e a r e s t  to  
th e  p r im ary  b ra n c h e s .
In g e n e ra l  in s p e c t io n  o f  th e  lo cu s  w i l l  show w h e th e r ,  as i s  o f t e n  
th e  c a s e ,  a r e a s o n a b le  ap p ro x im a tio n  to  th e  re sp o n se  can be o b ta in e d  
u s in g  o n ly  th e  p r im ary  p o l e s .  I f ,  however, a more a c c u r a t e  ap p ro x ­
im a t io n  i s  r e q u i r e d  th e n  th e  e x t r a  modes can r e a d i l y  be o b ta in e d  and 
in c lu d e d  in  th e  c lo s e d  loop  p o ly n o m ia l .
S ince  G*(s) i s  a f i n i t e  o rd e r  po lynom ia l i t  c o n t r i b u t e s  t o  t h e  
t o t a l  d e la y  in  th e  system  so t h a t  th e  f i n i t e  d e la y  sho u ld  be 
m od if ied  to
t '  = t  -  t  4 .2 .1 0c
where t i s  th e  t r u e  d e la y  and t c i s  a d e la y  c o r r e c t i o n .  The 
v a lu e  o f  t c depends on th e  o r d e r  o f  Gf (s)  and i t  has been found 
e m p e r ic a l ly  t h a t  sh o u ld  be chosen as th e  v a lu e  o f  t  a t  which 
th e  s te p  re sp o n se  o f  G1(s)  re a c h e s  2% o f  i t s  f i n a l  v a lu e .
4 .3  P r e d i c t i o n  o f  C losed Loop T r a n s ie n t  Response
4 . 3 .1  I n t r o d u c t io n
C onsider  f o r  example th e  p u re  tim e d e la y  system  shown in  
F ig  4 .5 .  We w i l l  now o b ta in  th e  c lo s e d  loop  s t e p  r e s p o n se  p r e d i c t e d  
by each o f  th e  methods d i s c u s s e d  i n  s e c t i o n  (4 .2 )  and compare t h e  
r e s u l t s  w i th  th e  a c c u r a te  re sp o n se  o f  th e  system .
To o b ta in  th e  a c c u r a te  re sp o n se  th e  a u th o r  has ex tended  h i s  
d i g i t a l  s im u la t io n  language  to  in c lu d e  pure  tim e d e la y  and d e t a i l s  
o f  th e  method u sed  a r e  g iven  in  Appendix ( l ) .
4 .3 .2  T ru n ca ted  M aclau rin  S e r ie s  A pproxim ations
T ru n c a t in g  th e  M ac lau r in  S e r ie s  t o  g iv e  t h i r d  and f o u r th  o rd e r  
ap p ro x im atio n s  to  th e  c lo se d  loop t r a n s f e r  f u n c t io n s  i n  t h i s  c a se  
g iv e s
C (s) = ___________ 1^4_____________
R ( s + 2 . 4 ) ( s 2+0.59s+0.58)
and
C (s )  _ 2 .8 ______________
and
C (s )  _ >1.4 ( s -2 )
R “ ( s + 3 .4 8 ) ( s 2+o.516s+0.814)
C ( s )  _ 1 .4  ( s 2>6s+12)
R ( s 2+ 0 .3 5 3 s+ 0 .7 6 5 ) ( s 2+7.64s+21 .9)
The s t e p  re sp o n se s  o b ta in e d  u s in g  th e s e  t r a n s f e r  f u n c t io n s  a r e  
shown in  F ig  4 .7  t o g e th e r  w ith  th e  a c c u r a te  re sp o n se  o f  t h e  system .
4 .3 .1
R ( s 2+ 0 .3 6 s+ 0 .7 0 2 ) ( s 2+3 .64s+3 .91) 4 ,3 ,2
The s te p  r e s p o n se s  o b ta in e d  u s in g  th e s e  app rox im ations  a r e  shown 
i n  F ig  4 .6  t o g e th e r  w i th  th e  a c c u r a te  re sp o n se  o f  th e  system .
4 . 3 . 3  Use o f  Pade F u n c t io n s  to  r e p r e s e n t  th e  d e la y
When Pade F unc tions  a r e  u sed  in  t h i s  c a se  th e  t h i r d  and f o u r th  
o r d e r  ap p ro x im atio n s  t o  th e  c lo s e d  loop t r a n s f e r  f u n c t io n s  become:
4 . 3 . 3
4 . 3 .4
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F ourth  o rd e r  c lo s e d  loop  system
A ccura te  Response •
T h ird  o rd e r  c lo se d  loop, system
t  SEC
0 2 64 8 1.0
Closed loop  s t e p  r e s p o n s e s  o f  th e  system  shown in  F ig  4 .5  o b ta in e d  
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4 .7  C losed loop s t e p  re sp o n se  o b ta in e d  u s in g  Pade F u n c t io n s  to  
approx im ate  th e  p u re  tim e d e la y .
4.3.4 The Author's root locus method
The i n f i n i t e  number o f  c lo s e d  loop p o le s  which a r i s e  i n  t h i s  
case  a r e  d e f in e d  by th e  r o o t  lo cu s  e q u a t io n
-  K e  4 3 .5
1 s (s+ 2 )  4
This  was p l o t t e d  u s in g  th e  a u t h o r ’s computer program to  o b ta in  th e  
p r im ary  and f i r s t  e x t r a  d e la y  b ran ch e s  o f  th e  lo cu s  as shown in  
Fig 4 .8 .  A lso  g iv en  a r e  th e  c lo s e d  loop p o le  p o s i t i o n s  c o r re s p o n d in g  
to  a v a lu e  o f  K = 1 ,4 .
From th e  lo c u s  th e  second and f o u r th  o rd e r  a p p ro x im a tio n s  to  
th e  c lo s e d  loop t r a n s f e r  f u n c t io n s  a r e  g iv en  by
C (s)  b 0 .8075  e~ST*
R (s2 + 0 .4 5 s + 0 .8075)
and
- s t *
C_ (s )  _   3 3 .6  e 4 . 3 .7
R ( s 2+ 0 .4 5 s+ 0 .8 0 7 5 )( s 2+6 .5s+ 41 .7 )
The s t e p  re sp o n se s  o b ta in e d  u s in g  th e  second o r d e r  ap p ro x im a tio n  and 
th e  t r u e  tim e d e la y  o f  t = 1 second i s  shown in  F ig  4 .S  t o g e t h e r  w i th  
th e  a c c u r a te  re sp o n se  o f  th e  system .
From th e  p r e d i c t e d  r e s p o n se  th e  v a lu e  o f  was found to  be 
0 .1 2  seco n d s ,  so t h a t  t h e  c o r r e c t e d  c lo s e d  loop t r a n s f e r  f u n c t i o n  
becomes
C (s )  0 .8075 e "Q,88s
R ( s 2+ 0 .4 5 s + 0 .8075) ' 4 , 3 , 8
The p r e d i c t e d  r e sp o n s e  o b ta in e d  u s in g  t h i s  c lo se d  loop  ap p ro x im a tio n  
i s  now v e ry  c l o s e  t o  th e  t r u e  re sp o n se  o f  t h e  system  as can be s een  
from Fig  4 .1 0 .  When th e  c o r r e c t e d  f o u r th  o r d e r  a p p ro x im a tio n  was used  
in  t h i s  case  i t  was n o t  p o s s i b l e  to  o b ta in  any m easu reab le  improvement
1 .40
( - 3 .2 5 ,  5 .604)
( -0 .2 2 5 ,  0 .869)
F ig  4 .8  Root Locus o f  th e  pure  tim e d e la y  system  
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Fig 4 .1 0  S tep  re sp o n se  shown i n  F ig  4 .9  in c lu d in g  a d e la y  
c o r r e c t i o n  o f  = 0 .1 2  seco n d s .
in the predicted response.
4 .3 .5  Comparison o f  R e s u l t s
The r e s u l t s  o f  th e s e  t e s t s  show t h a t  th e  c lo se d  loop re sp o n s e  can 
a l s o  be p r e d i c t e d  from th e  r o o t  lo c u s  o f  th e  system  and t h e r e  i s  now no 
need to  approx im ate  th e  e f f e c t  o f  th e  d e la y  by la rg e  numbers o f  p o le s  
and z e ro s .  Although th e  d e la y  was a lm ost 20% o f  th e  c lo se d  loop  p e r io d  
in  t h i s  case  i t  was found t h a t  th e  t r a n s i e n t  re sp o n se  cou ld  be p r e d i c t e d  
u s in g  o n ly  a second o rd e r  app ro x im atio n  o b ta in e d  from th e  p r im ary  
b ran ch es  o f  th e  lo c u s .  To o b ta in  comparable accu racy  u s in g  Pade o r  
M aclau rin  s e r i e s  f o r  th e  d e la y  i t  was n e c e s s a ry  to  u se  a t  l e a s t  a 
f o u r th  o r d e r  app rox im a tion  to  th e  c lo se d  loop t r a n s f e r  f u n c t i o n .
The su c c e ss  o f  th e  r o o t  lo c u s  method i s  due to  th e  f a c t  t h a t  i t  
u se s  th e  a c c u ra te  c lo se d  loop p o le s  o f  th e  system  and makes no a t te m p t  
to  p r e d i c t  th e  re sp o n se  p r i o r  t o  th e  d e la y .
S ince  th e  c lo se d  loop p o le s  which o ccu r  on th e  pu re  tim e d e la y  
r o o t  l o c i  a r e  in  f a c t  th e  t r u e  modes i n  th e  t r a n s i e n t  r e s p o n s e ,  i t  
sh o u ld  now be p o s s i b l e  to  u se  th e  te c h n iq u e  in  r e v e r s e  to  i d e n t i f y  th e  
dynamics o f  th e  system  from measurements o f  c lo se d  loop p e rfo rm a n ce .
4 .4  I d e n t i f i c a t i o n  o f  th e  Dynamics o f  C losed  Loop L in ea r  Systems 
which in c lu d e  Pure Time Delay
4 .4 .1  I n t r o d u c t io n
The s t a r t i n g  p o in t  o f  th e  method i s  th e  measured im pu lse  r e s p o n s e  
o f  th e  system . This has been chosen  s in c e  i t  can be o b ta in e d  in  
p r a c t i c e  u s in g  Lee’s ( 23 ) in p u t - o u tp u t  c o r r e l a t i o n  te c h n iq u e s  and 
a l s o  g iv e s  a d i r e c t  m easure o f  th e  p u re  tim e d e la y .
The work o f  t h i s  s e c t i o n  shows how th e  a u th o r  has been a b le  t o  combine 
im pu lse  re sp o n se  d a t a  w ith  a c c u r a te  r o o t  lo cu s  p l o t s  to  g iv e  th e  f i r s t  
s u c c e s s f u l  i d e n t i f i c a t i o n  o f  t h e  dynamics o f  a system  which in c lu d e s  a 
p u re  tim e d e la y .
4 .4 .^  D e te rm in a t io n  or  tn e  system  t r a n s f e r  f u n c t io n  from i t s  measured 
im pulse  re sp o n se
The im pulse  re sp o n se  h ( t )  i s  f i r s t  mapped i n t o  th e  f req u en cy  domain 
u s in g  th e  F o u r ie r  Transform
00
F(jm) = /  h ( t )  e ” ^a)t d t  -  4 .4
o
This can a l s o  be w r i t t e n  as
F(jto) = R(co) + jl(co) 4 .4
where
00
R((o) = /  h ( t )  cos cot d t  4 .4o
and
CO
I (to) = /  h ( t )  s i n  tot d t  . 4 .4
o
Using c o r r e l a t i o n  t e c h n iq u e s ,  th e  im pulse  re sp o n se  i s  o n ly  a v a i l a b l e  
a t  d i s c r e t e  p o i n t s .  Hence t h e s e  i n t e g r a l s  must be e v a lu a te d  i n  te rm s  
o f  th e  measured v a lu e s  h ( t ^ )  a t  th e  sam pling  i n s t a n t s  t ^ .
A pproxim ating  th e  im pu lse  re sp o n se  u s in g  i s o s c e l e s  t r i a n g l e s  
c e n t r e d  on th e  sam pling  i n s t a n t s ,  th e  r e a l  and im ag inary  p a r t s  o f  
th e  F o u r ie r  I n t e g r a l  become:
R(to) = ‘ f  2 h ( t . J  At coS-J i y At )  C1 -  cosyiAt )  
i = l  1 (wAt)2 4 .4
and
I (» )  = - Xf  2 h ( t . )  At s i n  (icoAt) (1 -  cosuAt) 4>4
i = l  1 (wAt)2
where N i s  th e  number o f  samples used  to  r e p r e s e n t  th e  im pu lse  
r e s p o n s e ,  and 2At in  th e  base le n g th  o f  th e  t r i a n g l e s .
The acc u racy  o f  th e s e  app rox im ations  was checked by mapping 
th e  im pulse  re sp o n s e  o f  known system s and comparing th e  r e s u l t s  w ith
th o s e  o b ta in e d  from d i r e c t  e v a lu a t io n  o f  t h e i r  frequency  re s p o n s e .
To a c h ie v e  an accu racy  b e t t e r  th a n  1% i t  was found t h a t
(1) At l e a s t  20 p o i n t s  were r e q u i r e d  p e r  c y c le  o f  th e  r e sp o n s e  
and
(2) S u f f i c i e n t  p o in t s  had to  be ta k e n  to  en su re  t h a t  th e  re sp o n se  
had d e c re a se d  to  l e s s  th a n  1% o f  i t s  peak v a lu e .
Having o b ta in e d  R(m) and I (to) f o r  th e  sy s tem , th e  t r a n s f e r  f u n c t io n  
i s  th e n  d e te rm in ed  from th e  Bode d iagram  u s in g  K onw erski 's  com puter 
program o f  L evy 's  l e a s t  sq u a re  curve f i t t i n g  te c h n iq u e  ( 2 4  ) .
4 . 4 .3  E x ten s io n  to  pu re  t im e  d e la y  system s
As an example o f  th e  a u t h o r ' s  method o f  i d e n t i f y i n g  th e  dynamics 
o f  c lo s e d  loop pure  t im e  d e la y  sy s tem s, we w i l l  now c o n s id e r  th e  
system  G(s) = Ke ST/s ( s + 2 )  which was p r e v io u s ly  d is c u s s e d  in  s e c t i o n  
( 4 .3 ) .
The im pu lse  r e s p o n se  o f  th e  system  f o r  K = 1 .40  and t = 1, was 
o b ta in e d  by d i g i t a l  s im u la t io n  and i s  shown i n  F ig  4 .1 1 .  The r e s u l t i n g  
waveform c o n s i s t s  o f  a ze ro  o u tp u t  up t o  t  -  1 seconds due to  th e  
d e l a y ,  fo l lo w ed  by a t r a n s i e n t  which i s  d e te rm in ed  by th e  d e la y  and 
th e  p o le - z e r o  p a t t e r n  o f  th e  open loop  system .
When th e  com plete  r e s p o n s e  was mapped i n t o  th e  f re q u e n c y  domain 
i t  was found t h a t  th e  phase  ang le  was 180° a t  1 .0 6 ,  6 .6  and 12 .6  
r a d i a n s ,  and passed  th rough  0° a t  3 .65  and 9 .6  r a d i a n s .  These f r e ­
q u en c ie s  co rresp o n d  to  th e  jm a x is  c ro s s in g s  o f  th e  180° and 0° lo c u s  
b ranches  and a g re e  t o  w i th in  1% w ith  th o s e  o b ta in e d  from th e  r o o t  lo c u s  
p l o t .  I t  was, t h e r e f o r e ,  r a t h e r  s u r p r i s i n g  t o  f in d  t h a t  L evy 's  cu rve  
f i t t i n g  method gave r i s e  t o  c o m p le te ly  e rro n eo u s  r e s u l t s  f o r  t h e  p o le -  
ze ro  p a t t e r n  o f  th e  system .
Fig  4 .11  The im pulse  re sp o n s e  o f  th e  p u re  t im e  d e la y  system  
shown i n  F ig  4 .5 .
( -0 .2 2 7 0 .87 )
0 .8 7 )
F ig  4 .1 2  0° Root Locus a r i s i n g  from th e  c lo s e d  loop p o le s
de te rm in ed  from th e  im pulse re sp o n se  shown i n  F ig  4 .1 1 .
gave the following closed loop transfer functions
Second o rd e r  a p p ro x im a tio n
0 .807
4
R ( s 2 + 0 .455s  + 0 .8 )
F ourth  o rd e r  ap p ro x im a tio n
C
( s )  =
35 .6 4
R ( s 2 + 0 .4 6 7 s  + 0 .817)  (s 2 + 5 .4 s  + 43 .3 )
We w i l l  f i r s t  assume t h a t  t h e r e  a r e  two c lo s e d  loop  p o le s  on p r im ary  
b ran ch es  o f  th e  lo c u s  and t h a t  th e  h ig h e r  f req u en cy  modes a r i s e  
from p o le s  on th e  e x t r a  p u re  t im e  d e la y  b ra n c h e s .
To d e te rm in e  th e  p o s s i b l e  p o s i t i o n s  o f  th e  open loop  p o l e s ,  t h e  
0° lo c u s  in c lu d in g  th e  1 second d e la y  was p l o t t e d  from th e s e  c lo se d  
loop p o le s  and i s  shown i n  F ig  4 .1 2 .  S ince  th e  im pulse r e sp o n s e  te n d s  
to  ze ro  as  t  te n d s  t o  i n f i n i t y  th e n  th e  open loop  re s p o n s e  must c o n ta in  
a  p o le  a t  th e  o r i g i n ,  and a r e a l  p o le  a t  s = - a .  While th e  0° and 180° 
p hase  an g le  l o c i  o f  p u re  tim e d e la y  system s a re  r e v e r s i b l e ,  t h i s  i s  n o t  
th e  c a se  f o r  th e  c o n s ta n t  g a in  c o n to u r s .  In g e n e r a l ,  t h e  d e s ig n e r  must 
t h e r e f o r e  p l o t  f a m i l i e s  o f  180° l o c i  to  d e te rm in e  th e  com b in a tio n s  o f  
open loop p o le  p o s i t i o n s  which cause  th e  p r im ary  b ran ch e s  o f  t h e  lo c u s  
to  pass, th ro u g h  th e  measured c lo s e d  loop  p o l e s .  The c o r r e c t  c o m b in a t io n  
i s  th e n  d e te rm in e d  by r e f e r e n c e  to  t h e  h ig h e r  f requency  modes which a r i s e  
from th e  e x t r a  d e la y  b ran ch es  o f  th e  lo c u s .
The p o s i t i o n  o f  th e  p o le  a t  s = - a  i n  t h i s  example ca n ,  how ever, 
be de te rm in ed  d i r e c t l y  from th e  geom etry o f  th e  system  as shown i n  
F ig  4 .1 3 .  I t  was found t h a t  a = 2 .05  and th e  v a lu e  o f  K which gave 
th e  measured c lo se d  loop  p o le s  was K = 1 .3 8 .
(0 .2 2 5 ,  0 .87 )
-a
- a
F ig  4.13 D e te rm in a t io n  o f  th e  p o s i t i o n  o f  th e  p o le  s = -a  
to  g iv e  th e  measured c lo s e d  loop  p o le s .
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F ig  4. 14 Root lo cu s  o f  th e  system Ke S t / s ( s + t )  
where a = 2 .0 5 ,  and t  = 1 .0  seconds .
The com plete  lo c u s  f o r  a  = 2 .05  was th e n  p l o t t e d  and i s  shown 
in  F ig  4 .1 4 .  From t h i s  p l o t  i t  can be seen  t h a t  th e  b ran ch es  o f  th e
lo cu s  sh o u ld  c ro s s  th e  j  to a x i s  a t  m = 1 .05  and 6 .6  r a d i a n s / s e c .  And
f o r  K = 1 .3 8 ,  t h e  t r a n s i e n t  re s p o n s e  sh o u ld  a l s o  c o n ta in  a mode 
(s^ + 6 .5 2 s  + 4 2 . 1 ) .
These r e s u l t s  a r e  a l l  confirm ed  from measurements o f  th e  c lo s e d  
loop im pu lse  re sp o n se  and th e r e f o r e  th e  open loop t r a n s f e r  f u n c t io n  
i s  g iven  by
_ 1 .38  e A A
^  ~  s ( s  + 2 .05 )  4 .4
This  r e s u l t  a g re e s  w ith  th e  known dynamics o f  th e  system  to  an 
accu racy  o f  2%.
I f ,  however, t h e  e x t r a  lo cu s  b ran ch es  had f a i l e d  to  co n f irm  
t h e  open loop p o le - z e r o  p a t t e r n ,  th e  d e s ig n e r  must th e n  assume t h a t  
th e  h ig h  o r d e r  modes a re  due to  c lo se d  loop p o le s  on p r im ary  b ra n c h e s
o f  th e  lo c u s .  The i t e r a t i v e  scheme i s  th e n  r e p e a te d  u n t i l  t h e  open
loop p o le - z e r o  p a t t e r n  o b ta in e d  g iv e s  r i s e  t o  e x t r a  lo c u s  b ran ch e s  
which have c lo s e d  loop p o le s  t h a t  co rresp o n d  to  th e  modes i n  t h e  
measured im pu lse  re s p o n s e .
F u r th e r  examples o f  th e  method a re  g iv e n  i n  C hap te r  6 where i t  
i s  u sed  t o  i d e n t i f y  th e  t r a n s f e r  f u n c t io n  o f  a human p i l o t  from 
measured f l i g h t  r e c o r d s .
4 .5  Methods o f  Compensating f o r  th e  e f f e c t s  o f  Pure Time D elay
4 .5 .1  Use o f  Minor Loop Feedback
T his  te c h n iq u e  was f i r s t  p roposed  by P r o f e s s o r  0 . J .  Smith ( 2 5  )
i n  1959 and i s  i l l u s t r a t e d  in  th e  b lock  d iagram  shown in  F ig  4 .1 5 .  
A pplying Mason’s r u l e s  ( 26 ) to  th e  c o r re sp o n d in g  s ig n a l  f low
diagram shown in Fig 4.16, the closed loop transfer function is given
IR(s ) C(s)M(s) P (s)
F ig  4 .15  Use o f  m inor loop feedback  H(s) to  compensate f o r  th e
e f f e c t s  o f  p u re  tim e d e la y  t i n  th e  P la n t  P (s )  = KG(s) e “ ST
-1
M(s) x PCs'
F ig  4 .1 6  S ig n a l  Flow Graph f o r  th e  system  shown in  F ig  4 .1 5 .
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Fig 4 .17  O utput e r r o r  due to  u n i t  s t e p  d i s tu r b a n c e  f o r  th e  c a s e  when
- S T
P ( s )  = 4e-~ - - , M(s) = 10, and t  = 1 second.
C (s )  .  , m (g)_G (s) . ,  e -jT___________  4-5>1
R 1 + M(s) [H(s) + KG(s) e ' ST]
From which i t  can be seen  t h a t  th e  e f f e c t  o f  p u re  tim e d e la y  on
c lo se d  loop  s t a b i l i t y  can be removed u s in g  a minor loop feedback
— StH(s) = KG(s) [1 -  e ] .  Under t h e s e  c o n d i t io n s  th e  c lo se d  loop  
t r a n s f e r  f u n c t io n  re d u c e s  to
£  r o  = KM(s) G(s) e~ST
R 1 J 1 + KM(s) G(s) 4 ,:5 ,z
I t  sho u ld  be n o ted  t h a t  t h i s  form o f  com pensa tion  does n o t  remove 
th e  d e la y  in  th e  c lo se d  loop r e s p o n s e ,  b u t  s im ply  a t te m p ts  to  
e l im in a te  i t s  e f f e c t  on c lo s e d  loop  s t a b i l i t y .
Taking  a s p e c i f i c  example o f  G(s) = 1 / s  and M(s) = K^, 
e q u a t io n  4 . 5 .2  becomes
£ ro  = K Kl e' ST
R (s *T7T) 4-5-3
This system  has  ze ro  s te a d y  s t a t e  e r r o r  f o r  a s t e p  in p u t ,  and i t  
would ap p ea r  t h a t  th e  minor loop  feedback  has ach ieved  a  s im p le  
method o f  p ro d u c in g  a s a t i s f a c t o r y  c lo s e d  loop system . U n fo r tu n a te ly  
P r o f e s s o r  Smith d id  n o t  c o n s id e r  th e  e f f e c t  o f  h i s  minor loop  
feedback  on th e  s te a d y  s t a t e  e r r o r  p roduced  by e x t e r n a l  d i s tu r b a n c e s  
a p p l ie d  to  th e  p l a n t .
The t r a n s f e r  f u n c t io n  r e l a t i n g  th e  c o n t r o l l e d  v a r i a b l e  C t o  a 
d i s tu r b a n c e  D a p p l ie d  to  th e  p l a n t  i s  g iven  by
C f _. = PCs) [1 •*- M(s) H (s)]  .
D 1 + M(s) [H(s) + PCs)]
u s x i i g  u i i c  x u i i u  u i  l u x j i u x  x u u p  l c c u u a c K  “ v .*3 . /  o u ^ c 5 i . c u  u y  r x u i c s b u i
Smith t h i s  e x p re s s io n  becomes
K M(s) G(s) e~ST
4.5.5[1 + K M(s) G (s ) ]
A pplying t h i s  r e s u l t  to  th e  system  G(s) = 1 / s ,  M(s) = K^, t h e  
s te a d y  s t a t e  o u tp u t  p roduced  by a u n i t  s t e p  d i s tu rb a n c e  i s  g iven
by
L im it 
s s  s o s . s
1
(s  + K Kx) 1 + j  (1 - e~ST) 4 . 5 . 6
Although t h i s  l i m i t  i s  in d e te rm in a n t  i t  can however be e v a lu a te d  
u s in g  L 'H o p i t a l ' s  r u l e  t o  g iv e
Hence th e  p r i c e  p a id  f o r  removing th e  d e s t a b i l i s i n g  e f f e c t  o f  
th e  d e la y  i s  to  i n c r e a s e  th e  s te a d y  s t a t e  e r r o r  by an amount Kt.
The e f f e c t  i s  i l l u s t r a t e d  in  Fig 4 .1 7 ,  which shows t h a t  when 
K = 4 ,  = 10 and t = 1, th e  e r r o r  due to  a  u n i t  o f f s e t  i s  in c r e a s e d
from 0 .1  t o  4 .1 .
4 .5 .2  In v e r s e  Root Locus Methods
S ince  th e  e f f e c t  o f  p u re  tim e d e la y  canno t be removed from th e  
o u tp u t ,  th e  b e s t  t h a t  can be ach ieved  i s  t o  d e s ig n  a c lo se d  loop  
system  w ith  a d e s i r e d  t r a n s i e n t  re s p o n s e .  I t  has  been shown in  
s e c t i o n  (4 .2 )  t h a t  th e  c lo s e d  loop system  can be re g a rd e d  as  a 
d e lay ed  l i n e a r  system  whose p o le s  and ze ro s  can be o b ta in e d  d i r e c t l y  
from th e  r o o t  lo c u s .  Hence once th e  c lo s e d  loop  p o le - z e r o  p a t t e r n  
t o  ac h ie v e  a p a r t i c u l a r  re sp o n se  has been  s p e c i f i e d ,  th e  c o r re s p o n d in g  
open loop  p o le s  can th e n  be o b ta in e d  u s in g  th e  a u t h o r ’ s r o o t  lo c u s  
p l o t t i n g  program as fo l lo w s
(C) ss 4 . 5 .7
Let T (s )  = th e  c lo s e d  loop  p o le - z e r o  p a t t e r n  which g iv e s  th e  
d e s i r e d  r e s p o n s e .
KG(s) = th e  open loop  p o le - z e r o  p a t t e r n  e x c lu d in g  th e  p u re  
tim e d e la y  t .
The c lo s e d  loop t r a n s f e r  f u n c t io n  o f  th e  d e lay ed  l i n e a r  system
4 . 5 .8
4 . 5 .9
The p o le s  o f  KG(s) can th e n  be o b ta in e d  u s in g  th e  a u t h o r ' s  s e a rc h  v e c t o r
method to  p l o t  th e  a c c u r a te  0° p u re  tim e d e la y  lo c u s  d e f in e d  by th e
e q u a t io n
+1 = T (s)  e” ST 4 .5 .1 0
To i l l u s t r a t e  t h i s  te c h n iq u e  we w i l l  now c o n s id e r  th e  d e s ig n  o f
a  t h i r d  o r d e r  ty p e  I system  to  ac h ie v e  a s p e c i f i e d  t r a n s i e n t  r e s p o n s e .
4 .6  The u se  o f  I n v e r s e  Root Locus Methods to  Determine th e  Optimum
Step  Response P a ram e te rs  o f  a Pure Time Delay T h ird  O rder Type I system
4 .6 .1  Optimum perform ance  w ith o u t  tim e d e la y
C ons ide r  th e  g e n e ra l  t h i r d  o rd e r  ty p e  I p u re  t im e  d e la y  system  shown
in  F ig  4 .1 8 .  I t  has been shown in  C h ap te r  (2) t h a t  th e  f a s t e s t  p o s s i b l e
s t e p  re sp o n se  o f  a t h i r d  o r d e r  ty p e  I system  w i th  t -  0 ,  o cc u rs  when
a l l  t h r e e  c lo s e d  loop  p o le s  a r e  v e r t i c a l l y  i n - l i n e  and th e  complex
p o le s  have a damping r a t i o  o f  0 .6 3 .
Under t h e s e  c o n d i t io n s  th e  open loop  t r a n s f e r  f u n c t io n  n o rm a l is e d  
to  u = l  i s  g iven  by
i s  g iv e n  by
T (s )  = — H 5 )
1 + KG(s) e " ST
From which
T (s)KG(s) =
1 -  T (s )  e “ST
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Fig  4 .1 8  T h ird  O rder Type I p u re  t im e  d e la y  system .
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Fig 4.19 Step responses of the system shown in Fig 4.18 for the case
when t  = 0 and m = 1 .
and th e  c o r re sp o n d in g  c lo s e d  loop  t r a n s f e r  f u n c t io n  becomes
0 . 2 6  a c . o— ( s )  =---- --------------------------------------------------------  4 . 6 . 2
R (s + 0 .4 7 )  ( s 2 + 0 .9 4 s  + 0 .56 )
The s t e p  r e s p o n s e  which i s  shown i n  F ig  ( 4 .1 9 ) ,  th e n  has  a s h o r t e r  
s e t t l i n g  tim e and l e s s  o v e rsh o o t  th a n  any o f  th e  n o rm a l ly  a c c e p te d  
d e s ig n s .
4 .6 .2  Optimum perform ance  in c lu d in g  th e  e f f e c t  o f  p u re  t im e  d e la y
S in ce  con i s  s im p ly  a tim e s c a l e  f a c t o r ,  t h e  open loop t r a n s f e r
f u n c t io n  in c lu d in g  th e  p u re  tim e d e la y  can a l s o  be n o rm a l ise d  w i th
r e s p e c t  t o  o> to  g iv e .
v  - S t N 
6G(S) = — ------------------  4 . 6 . 3
S(S2 + 2^S + 1)
where t N = T *N =  K /^ 3 and S = s / a)n *
Hence p ro v id e d  we can d e te rm in e  t h e  v a lu e s  o f  K^, x^ and £ which g iv e  
th e  r e q u i r e d  dominant c lo s e d  loop p o le  p a t t e r n ,  th e n  th e  r e s u l t i n g  
system  w i l l  have th e  f a s t e s t  p o s s i b l e  s t e p  r e s p o n s e .
The method used  t o  o b ta in  th e s e  v a lu e s  was t o  p l o t  th e  0° r o o t  
lo c u s  f o r  a p a r t i c u l a r  v a lu e  o f  x , s t a r t i n g  a t  th e  c lo se d  loop  p o le s  
s = *0 .47 , s = -0 .4 7  ± j  0 .5 8 3 .  The open loop p o le  p o s i t i o n s  c o r r ­
esponding  to  a type  I system  were o b ta in e d  and th e  complex p o le s  were 
a g a i n  n o rm a l is e d  to  = 1 as  shown in  F ig  4 . 2 . 0 .  Having n o rm a l is e d
th e  open loop p o le s  to  w = 1, th e  complex c lo s e d  loop p o le s  th e n  l i e  
a long  th e  damping l i n e  £ = 0 .6 3 . '
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Fig 4 .2 0  Family o f  N orm alised Root Loci f o r  th e  system  g iven  in  F ig  4 .2 3 ,  
showing th e  open loop p o le  p o s i t i o n s  and v a lu e s  o f  d e la y  x„ which 
g iv e  r i s e  to  th e  d e s i r e d  s e t  o f  i n - l i n e  c lo se d  loop p o l e s .
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F ig  4 .21  Impulse re sp o n s e s  o f  th e  system  g iven  in  F ig  4 .2 3  f o r  th e  
oase  when c = 0 . 3 ,  and x^ = 2 ;05  seconds .
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Fig 4.22 Step responses of the system given in Fig 4.23 for
C = 0.3, and x^ .= 2.05 seconds.
t im e r e s p o n s e ,  th e  c lo se d  loop  system  was s im u la te d  u s in g  th e  v a lu e s  
= 2 .0 5 ,  £ = 0 . 3 ,  and = 0 .165 o b ta in e d  from th e  r o o t  lo c u s .  The
r e s u l t s  o f  t h e  s im u la t i o n  a re  shown i n  F igs  4 .2 .1  and 4 .2 .2  which a l s o
i l l u s t r a t e  t h e  e f f e c t  o f  u s in g  v a lu e s  o f  = 0 .1  and = 0 .2 5 .  From
t h e s e  r e c o rd s  i t  can be seen  t h a t  th e  v a lu e  o f  = 0 .165  does in  f a c t
g ive  th e  p r e d i c t e d  n o n -n e g a t iv e  im pulse  re sp o n s e  and th e  system  has th e  
f a s t e s t  p o s s i b l e  s t e p  r e s p o n se .
I t  was found t h a t  t h e  a l ig n e d  c lo se d  loop  p o le  c o n d i t io n  gave a 
v a l i d  ap p ro x im a tio n  t o  th e  t r a n s i e n t  re sp o n se  f o r  v a lu e s  o f  up to
abou t 2 .5  seco n d s .  And f o r  th e  n o rm a l is in g  f a c t o r s  u sed  i n  t h i s  c a se  
th e  maximum d e la y  r e p r e s e n t s  a p p ro x im a te ly  24% o f  th e  p e r io d  o f  th e  
dominant c lo se d  loop p o le s ,
• The c o r re sp o n d in g  v a lu e s  o f  and £ which g iv e  th e  f a s t e s t  s te p  
re sp o n se  f o r  t h i s  range  o f  v a lu e s  o f  were o b ta in e d  from th e  r o o t  l o c i  
and a r e  p l o t t e d  in  th e  (K^, £) p la n e  g iven  i n  Fig 4 . 2 .4 .  For v a lu e s  o f  
> 2 .5 ,  th e  re sp o n se  c o n ta in s  a l a r g e  p ro p o r t i o n  o f  th e  h ig h e r  f r e ­
quency modes and i s  no lo n g e r  dom inated by th e  t h r e e  c lo s e d  loop  p o le s  
on th e  p r im ary  b ranches  o f  th e  lo c u s .
A lthough th e  a u t h o r ' s  method i s  o n ly  v a l i d  f o r  a l i m i t e d  ran g e  
o f  v a lu e s  o f  i t  d o es ,  however, g ive  th e  r e q u i r e d  c lo s e d  loop  p e r ­
formance w ith o u t  i n c r e a s in g  th e  s te a d y  s t a t e  e r r o r  p roduced  by 
e x t e r n a l  d i s tu r b a n c e s .  And i f  n e c e s s a ry  th e  range  o f  v a lu e s  o f  
cou ld  be ex tended  by s p e c i f y i n g  th e  optimum c lo se d  loop p o le - z e r o  
p a t t e r n  in c lu d in g  th e  p o le s  on th e  f i r s t  d e la y  b ranch  o f  th e  lo c u s .
An e s t im a te  o f  th e  range  o f  v a lu e s  o f  T f o r  which a  p u re  t im e  
d e la y  system  re sp o n se  w i l l  be dom inated by th e  modes on th e  p r im a ry  
b ran ch e s  o f  th e  locus  can be o b ta in e d  as f o l lo w s .
Fig  4 .2 3  N orm alised T h ird  O rder Type I system  w ith  a d e la y  
o f  seconds i n  th e  fo rw ard  p a th .
F ig  4 .2 4  R e la t i o n s h ip  between K^, and £ f o r  th e  optimum 
s te p  re sp o n se  o f  th e  system  shown in  F ig  4 .
-1 = K e"ST G(s) 4.6.4
i t  can be  shown t h a t  th e  h o r i z o n t a l  asym pto tes  o f  th e  e x t r a  d e la y  
b ran ch es  a r e  g iven  by
oj = j  [(2k + 1) -  (N-m)] 4 .6 .5
where (N-m) i s  th e  excess  o f  f i n i t e  open loop  p o le s  to  z e ro s .
Hence f o r  a system  w ith  an even excess  th e  f i r s t  d e la y  b ranch  
w i l l  l i e  i n  th e  range
3tt IT—  > to > —X T
w hile  f o r  a odd excess  i t  o ccu rs  i n  th e  range
4 tt  ^ 2tt—  > co > —X X
I t  has  been  found t h a t  th e  modes on th e s e  b ran ch e s  have a n e g l i g i b l e  
e f f e c t  on th e  t r a n s i e n t  r e sp o n se  p ro v id ed  th e y  have a f req u en cy  a t  
l e a s t  f i v e  t im es  t h a t  o f  th e  dominant mode on th e  p r im ary  b ran ch  o f  
t h e  lo c u s .
A pply ing  th e s e  r u l e s  to  th e  t h i r d  o r d e r  ty p e  I system  c o n s id e re d  
h e re  g iv e s
—  > 5 x 0 .6  
tN
from which x., < 2 .1  seco n d s .N
I t  h a s  been shown t h a t  th e  t r a n s i e n t  re sp o n se  o f  a p u re  tim e d e lay  
system  can be p r e d i c t e d  d i r e c t l y  from i t s  r o o t  lo c u s ,  and t h e r e  i s  now 
no need to  r e p r e s e n t  th e  e f f e c t  o f  th e  d e la y  by a l a rg e  number o f  p o le s  
and z e ro s .  S ince  th e  c lo se d  loop  p o le s  a r e  th e  t r u e  modes o f  th e  system  
i t  i s  now p o s s i b l e  to  i d e n t i f y  th e  open loop dynamics from measurements 
o f  th e  c lo s e d  loop r e s p o n s e .
S tan d a rd  methods o f  im proving th e  perfo rm ance  o f  a p u re  t im e  d e la y  
system  do n o t  remove th e  d e la y  in  th e  o u tp u t ,  b u t  s im ply  t r y  to  reduce  
i t s  d e s t a b i l i s i n g  e f f e c t  on th e  c lo s e d  loop system . While t h i s  ap p ea rs  
t o  be a r e a s o n a b le  approach  to  th e  prob lem , th e  a u th o r  has  shown t h a t  
th e s e  methods can a l s o  g r e a t l y  i n c r e a s e  th e  s te a d y  s t a t e  e r r o r  t o  
e x t e r n a l  d i s tu r b a n c e s  a p p l ie d  to  th e  system .
A g r e a t  advan tage  o f  th e  a u t h o r ' s  s e a rc h  v e c t o r  method i s  t h a t  i t  
can a l s o  be used  to  p l o t  th e  0° r o o t  l o c i  o f  pu re  tim e d e la y  sy s te m s .  
Using t h i s  f a c i l i t y  th e  d e s ig n e r  can now s p e c i f y  th e  c lo s e d  loop  p o le -  
ze ro  p a t t e r n  to  o b ta in  a d e s i r e d  t r a n s i e n t  re sp o n se  fo l lo w in g  th e  d e l a y ,  
and th e n  d e te rm in e  th e  r e q u i r e d  open loop  t r a n s f e r  f u n c t io n  d i r e c t l y  
from th e  r o o t  lo c u s .  T h is  te c h n iq u e  has  been  i l l u s t r a t e d  f o r  a t h i r d  
o r d e r  ty p e  I system  which was r e q u i r e d  to  have th e  f a s t e s t  p o s s i b l e  
s t e p  r e s p o n s e .
CHAPTER 5
APPLICATION OF ROOT LOCUS TECHNIQUE TO THE
CONTROL AND STABILITY OF AIRCRAFT
5 .1  I n t r o d u c t io n
The a b i l i t y  t o  a c c u r a t e l y  in c lu d e  th e  e f f e c t s  o f  p u re  tim e 
d e la y  now r a i s e s  th e  e x c i t i n g  p o s s i b i l i t y  t h a t  one cou ld  f o r  
i n s t a n c e ,  c o n s id e r  human p i l o t  c o n t r o l  o f  an a i r c r a f t .  B efore 
work o f  t h i s  ty p e  can b e g in  however, i t  i s  f i r s t  n e c e s s a ry  to
develop  a method o f  r e p r e s e n t i n g  th e  perfo rm ance  o f  an a i r c r a f t
i n  te rm s o f  p o le s  and z e ro s .
The aim o f  t h i s  c h a p te r  i s  to  p roduce  a g e n e ra l  a n a l y t i c a l  
te c h n iq u e  which w i l l  en ab le  r o o t  lo cu s  methods to  be u sed  to  
d e te rm in e  th e  s t a b i l i t y  and perfo rm ance  o f  an a i r c r a f t  which has  
any form o f  au to m a tic  c o n t r o l .  The te c h n iq u e  i s  th e n  u sed  to  
d e s ig n  an a u to m a tic  p i l o t  f o r  th e  p i t c h  a t t i t u d e  c o n t ro l  o f  a 
t y p i c a l  a i r c r a f t .
5 .2  A i r c r a f t  T r a n s f e r  F u n c t io n s
5 .2 .1  G e n e ra l i s e d  E qua t ions  o f  Motion
The re sp o n s e  o f  an a i r c r a f t  t o  e x t e r n a l  f o r c e s  and moments 
can be d e s c r ib e d  by s i x  s im u ltan e o u s  d i f f e r e n t i a l  e q u a t io n s  (27) 
These e q u a t io n s  a r e  o n ly  v a l i d  f o r  sm all  changes abou t th e  
frame o f  r e f e r e n c e  which i s  n o rm ally  ta k e n  as  a s e t  o f  body 
axes  th ro u g h  th e  c e n t r e  o f  g r a v i t y  o f  th e  a i r c r a f t .  The s i x  
d e g re e s  o f  freedom a s s o c ia t e d  w ith  th e  m otion  o f  th e  a i r c r a f t  
abou t th e s e  axes a r e  i l l u s t r a t e d  in  F ig  5 .1  and F ig  5 .2  which 
a l s o  show th e  p o s i t i v e  sense  o f  th e  e x t e r n a l l y  a p p l ie d  f o r c e s  
and moments.
i n e  C O e r r i C i e i l L b  u i  l u g  ec |U cii,.L U ii. uj l  m u n u u  d i e  a c x  u u / n c u n i e
d e r i v a t i v e s  which can e i t h e r  be o b ta in e d  from th e  geom etry 
o f  th e  a i r f r a m e  o r  from wind tu n n e l  t e s t s  on th e  s c a le d  model.
More r e c e n t l y  th e y  have been m easured d i r e c t l y  i n - f l i g h t  u s in g  
c o r r e l a t i o n  te c h n iq u e s  employing pseudo random s i g n a l s  as  th e  
in p u t  d i s t u r b a n c e . (28) The r e l a t i o n s h i p s  between th e  a e r o ­
dynamic d e r i v a t i v e s  and th e  a i r c r a f t  s t a t e  v a r i a b l e s  a r e  shown 
in  T ab le  5 .1 .  P rov ided  t h e r e  i s  no s u b s t a n t i a l  c ro s s  c o u p l in g  
between th e  symmetric and a n t isy m m e tr ic  modes o f  th e  a i r c r a f t ,  
th e  e q u a t io n  o f  m otion  can be d iv id e d  in t o  two groups o f  t h r e e  
which s e p a r a t e l y  d e s c r ib e  i t s  l a t e r i a l  and lo n g i t u d i n a l  s t a b i l i t y .
The L aplace  t r a n s fo rm  o f  each group o f  e q u a t io n s  can be 
w r i t t e n  i n  t h e  g e n e r a l i s e d  form
a u (s) x + a l 2 (s) y + a l 3 (s )  z =
a 2 1 (s ) x + a 2 2 (s) y + a 2 3 (s)  z =
a 3iCS) x + a 32(s )  y + a 33(s)  z =
where x ,  y  and z a r e  th e  components o f  th e  s t a t e  v a r i a b l e ,
a ^ ( s )  a r e  fu n c t io n s  o f  th e  aerodynamic d e r i v a t i v e s ,  and D^(s) 
a r e  th e  a p p l ie d  f o r c e s  and moments.
5 .2 .2  S t i c k  F ixed  S t a b i l i t y
Assuming t h a t  t h e  a i r c r a f t  i s  f l y i n g  s t r a i g h t  and l e v e l  
w ith  t h e  c o n t r o l  s u r f a c e s  lo c k e d ,  th e  e q u a t io n s  g iv en  i n  s e c t i o n
5 .2 .1  en ab le  th e  ae ro d y n am is ts  t o  i n v e s t i g a t e  th e  r e c o v e ry  o f  
th e  a i r c r a f t  t o  e x t e r n a l  d i s tu r b a n c e s  such as sudden g u s t s  o r  
f i n i t e  p r e s s u r e  d i s c o n t i n u i t i e s .
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D2(s)
D3 Cs )
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Derivative zero due to symmetry.
Blank space indicates that the derivative is usually neglected.
The re s p o n se  o f  t h e  a i r c r a f t  i n  z say to  a d i s tu r b a n c e  o f  
D^Cs) i s  g iv en  by
z ( s )  = I
i=3 D .(s )  P . ( s )
5.2
i = l F (s)
where P ^(s )  a r e  th e  num era to r  p o ly n o m ia ls  and F (s )  i s  th e  c h a r a c t e r ­
i s t i c  po lynom ia l formed from th e  aerodynam ic d e r i t a t i v e s .
S ince  t h e  c o r re sp o n d in g  tim e  fu n c t io n  i s  o b ta in e d  from th e  
in v e r s e  L ap lace  T ransform  i t  can be seen  t h a t  t h e  r o o t s  o f  F (s)  
d e te rm in e  th e  modes o f  th e  re sp o n se  and hence th e  s t i c k  f ix e d  
s t a b i l i t y  o f  th e  a i r c r a f t .
The a i r c r a f t  m a n u fa c tu re r  i s  on ly  i n t e r e s t e d  in  s t i c k  f i x e d  
s t a b i l i t y ;  s in c e  e v a lu a t io n  o f  F (s)  th ro u g h o u t  t h e  o p e r a t io n a l  
ran g e  o f  th e  a i r c r a f t  en a b le s  him t o  o b ta in  th e  s t a b i l i t y  enve lope  
While t h i s  in fo rm a t io n  i s  u s e f u l  t o  th e  c o n t r o l  e n g in e e r ,  he i s  
however, concerned  w ith  th e  com ple te  a i r c r a f t  r e s p o n se  which a l s o  
r e q u i r e s  a knowledge o f  t h e  num era to r  p o ly n o m ia ls  P ^ ( s ) .  There  
a r e  many o f  th e s e  po ly n o m ia ls  each r e l a t i n g  an o u tp u t  v a r i a b l e  t o  
one o f  th e  in p u t  f o r c e s  o r  moments. P r i o r  t o  1961 th e s e  p o ly - '  
nom ia ls  had n o t  been  d e te rm in ed  a l g e b r a i c a l l y  and th e y  were f i r s t  
p u b l i s h e d  by th e  a u th o r  i n  1962 (2 9 ) .  They a r e  now w id e ly  u sed  by 
Government R esearch  E s ta b l is h m e n ts  and I n d u s t r i a l  f irm s  s p e c i a l i s i n g  
in  th e  d e s ig n  o f  a u t o p i l o t s  and a u t o s t a b i l i s e r s .
5 . 2 .3  Methods o f  I n c lu d in g  G e n e ra l is e d  A u to p i lo t  C o n tro l  Laws
F ollow ing  th e  developm ent o f  th e  a i r c r a f t  num era to r  po ly n o m ia ls  
t h e  a u th o r  produced an o r i g i n a l  method o f  in t ro d u c in g  g e n e r a l i s e d  
a u t o p i l o t  c o n t r o l  laws i n t o  th e  d r iv i n g  f u n c t io n s  D ^(s ) .  T h is  
r e s u l t e d  in  a g e n e ra l  te c h n iq u e  which gave th e  c h a r a c t e r i s t i c  
e q u a t io n  in  a form which enab led  r o o t  lo cu s  te c h n iq u e s  t o  be used  
d i r e c t l y  t o  d e s ig n  th e  m u l t i lo o p  system .
The method used  was t o  w r i t e  D .( s )  as
where G^(s) a r e  e x t e r n a l l y  a p p l ie d  f o r c e s  o r  moments such  as  
g u s t s  e t c . ,  and C ^ ( s )  a r e  g e n e r a l i s e d  c o n t ro l  te rm s .
The c o n t ro l  f u n c t io n s  a r e  th e n  t r a n s f e r r e d  and added to  th e  
c o e f f i c i e n t s  o f  th e  r e l e v a n t  s t a t e  v a r i a b l e s .  Hence th e  re sp o n se  
o f  th e  system  in  z s ay ,  now becomes
And th e  s t a b i l i t y  o f  th e  c lo se d  loop system  i s  th e n  d e te rm in e d  by
Where F (s)  i s  th e  o r i g i n a l  s t i c k  f ix e d  s t a b i l i t y  po lynom ial and 
A^(s) i s  a po lynom ial a r i s i n g  from th e  p o s i t i o n  o f  th e  c o n t r o l  
te rm  C^(s) in  th e  a r r a y  o f  c o e f f i c i e n t s .  The rem a in ing  te rm  i s  
due to  c r o s s - c o u p l in g  between th e  c o n t r o l  lo o p s .
1
D .(s )  = G .( s )  + C . ^ s )  x + Ci 2 (s )  y + C .3 (s) z 5 .2
5 .2
the polynomial Aq (s) which can be expressed in the form
Ao (s)  = F (s )  + £ C . ( s )  A .( s )  + Z C . ( s )  Ck (s) A . ^ s ) 5 .2
In  p r a c t i c e  i t  i s  found t h a t  c o n t r o l  f u n c t i o n  i n t e r - a c t i o n  
i s  e i t h e r  zero  o r  e x e r t s  n e g l i g i b l e  e f f e c t  on th e  main lo o p s .
The e f f e c t  may, how ever, be in c lu d e d  in  t h e  a n a l y s i s  i f  d e s i r e d  
u s in g  an i t e r a t i v e  te c h n q iu e  t o  be d e s c r ib e d  l a t e r .  The p o ly ­
n o m ia ls  F ( s ) ,  A^(s) and A ^ ( s )  a r e  c o m p le te ly  in d e p en d en t  o f  
t h e  c o n t r o l  f u n c t i o n s  and a  d i g i t a l  com puter has  been programmed 
t o  f a c i l i t a t e  t h e i r  n u m e ric a l  e v a l u a t i o n .  Once th e s e  a r e  
e s t a b l i s h e d ,  t h e  most s u i t a b l e  s e t  o f  l i n e a r  c o n t r o l  f u n c t i o n s  
f o r  a  s p e c i f i c  f l i g h t  c o n d i t io n  can be d e te rm in e d  from:
F (s )  + C ^ s )  Ax Cs) + C2 (s )  A2(s) . .  Ch (s )  A . ( s )  . .
C (s )  A (s )  = 0 5 . 2 .8n v J  n v J
The com ple te  s o l u t i o n  o f  th e  above e q u a t io n  i s  o b ta in e d  
by c l o s i n g  th e  c o n t r o l  lo o p s  i n  a  l o g i c a l  o r d e r ,  d e te rm in e d  
m a in ly  from a knowledge o f  c o n t r o l  systems and ae rodynam ics .
The in n e r  loop  c o n t r o l  f u n c t i o n  C^(s) i s  th e n  o b ta in e d  
from th e  r o o t  lo c u s  s o l u t i o n  o f  th e  e q u a t io n
F ( s )  + C J s )  Ax (s)  = 0
Once t h e s e  p o le s  have been d e te rm in e d  th e  c o n t r o l  law 
C2 (s )  i s  th e n  o b ta in e d  from th e  e q u a t io n
[F (s )  + C ^ s )  A ^ s ) ]  + C2 (s )  A2 (s ) = 0
T h is  i s  so lv e d  u s in g  th e  r o o t  lo c u s  method by a r r a n g in g  i t  
i n  t h e  form:
C2 (s )  A2 (s)
"[F(s)'"+ C1 ( s J  A ^ s ) ]  = ^
5 . 2 .1 0
5.2.11
C o n tin u a t io n  o f  th e  above p ro c e s s  g iv e s  th e  rem a in in g  c o n t r o l  
f u n c t i o n s ,  which a r e  chosen so t h a t  th e  r e s p o n se  o f  th e  com plete  
system  c o n ta in s  s u i t a b l e  modes.
The a n a l y s i s  i s  r e p e a t e d  t o  co v e r  v a r io u s  s te a d y  s t a t e  
manoeuvres and a  s u i t a b l e  ran g e  o f  sp e e d ,  a l t i t u d e ,  and p o s i t i o n  
o f  t h e  c e n t r e  o f  g r a v i t y .  I t  i s  th e n  p o s s i b l e  t o  choose th e  
optimum c o n t r o l  f u n c t i o n s  f o r  a  g iv en  c h a n n e l  c o n s i s t e n t  w i th  th e  
above c o n d i t i o n s ,  and d e te rm in e  th e  programme o f  loop  g a in s  
r e q u i r e d  a s  f u n c t io n s  o f  i n d i c a t e d  a i r s p e e d ,  mach number o r  
a l t i t u d e .
The g e n e r a l  b lo c k  d iagram s f o r  th e  l a t e r a l  and l o n g i t u d i n a l  ' 
c h an n e ls  e x p re s s e d  in  te rm s o f  th e  a u t h o r ' s  po ly n o m ia ls  a r e  
shown in  F ig u re s  5 .3  and 5 .4 .
The l a t e r n a l  ch an n e l shows th e  g e n e r a l  c o n t r o l  loop  r e q u i r e d  t o  
m a in ta in  h ead in g  ip and r o l l  a t t i t u d e  <J> u s in g  ru d d e r  and a i l e r o n  
d e f l e c t i o n s  £ and £ r e s p e c t i v e l y .  In  t h e  case  o f  th e  l o n g i ­
t u d i n a l  c h a n n e l  th e  d iagram  i l l u s t r a t e s  th e  e l e v a t o r  c o n t r o l  n 
r e q u i r e d  t o  m a in ta in  d e s i r e d  p i t c h  a t t i t u d e  0 and h e i g h t  H.
Many o th e r  forms o f  c o n t r o l  co u ld  be u sed  i n  b o th  c h a n n e ls  and 
th e s e  can be i n v e s t i g a t e d  by g e n e r a t in g  th e  r e q u i r e d  n u m e ra to r  
po ly n o m ia ls  between th e  a p p r o p r i a t e  c o n t r o l  s u r f a c e  and th e  
c o n t r o l l e d  v a r i a b l e .
As an i l l u s t r a t i o n  o f  th e  a u t h o r ' s  method we w i l l  now o b ta in  th e  
open loop  t r a n s f e r  f u n c t i o n s  r e l a t i n g  th e  changes in  p i t c h  a t t i t u d e  
and h e ig h t  o f  an a i r c r a f t  t o  changes i n  th e  p o s i t i o n  o f  th e  e l e v a t o r .
A I L E R O N  C O N T R O L  O F  H E A D I N GA I L E R O N
A I L E R O N  C O N T R O L  OF R O L L
ROLL D I S T U R B A N C E
y a w  d i s t u r b a n c e
RU D D E R
C x ( s  )
ROLL A T T l  
■*- <t>
h e a d i n g
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F I G 5-4 L O N G I T U D I N A L  C H A N N E L  S H O W I N G  E L E V A T O R  C O N T R O L  OF H E I G H T  A N D  P I T C H  A T T I T U D E
D.ii  L o n g i tu d in a l  Channel
5 . 3 .1  S t a b i l i t y  P o lynom ia ls  f o r  e l e v a t o r  c o n t r o l  o f  p i t c h  
a t t i t u d e  and h e ig h t
The n o n -d im en s io n a l  e q u a t io n s  o f  m otion in  th e  l o n g i t u d i n a l  
ch an n e l  a r e  g iven  by
( s - x  )u -  X .w + u w
sx
kT -  - a
V J
6 = D ( s )
X
5 . 3 .1
_ r z 'i
- z  .u  + ( s - z  )w -  u w s 1 + - 2 *  ^1
+ k» e = d ( s )z 5 .3 .2
f >sm
/
— w —m u - ------ + m w +u w
» 4
s^i_. sm
 §. — a = Dm( s )  5 .3 .3
When s  i s  th e  Lap lace  o p e r a to r  n o rm a l is e d  w ith  r e s p e c t  t o  aerodynam ic 
tim e  and th e  in c re m e n ta l  speed  changes u and w a r e  n o rm a l is e d  w i th  
r e s p e c t  t o  fo rw ard  speed  U.
From th e s e  e q u a t io n s  th e  s t i c k  f i x e d  s t a b i l i t y  p o ly n o m ia l  
e x p re s s e d  in  r e a l  t im e  i s  g iven  by
In  g e n e ra l  th e  r o o t s  o f  F (s )  a r e  complex and can be ex p re s se d  
i n  th e  form
( s 2 + 2£^w^s + io^2) ( s 2 + 2^2^2s +t022-^ = ^ 5 .3 .5
The q u a d r a t i c s  a re  n o rm a lly  w id e ly  s e p a ra te d  in  f req u en cy  
and d e te rm in e  th e  s t a b i l i t y  o f  th e  phugoid  and s h o r t  te rm  modes 
o f  th e  a i r c r a f t  r e s p o n s e .
E le v a to r  c o n t r o l  o f  p i t c h  a t t i t u d e  can be i n v e s t i g a t e d  
d i r e c t l y  by in c lu d in g  th e  g e n e r a l i s e d  c o n t ro l  f u n c t io n  C^(s) 
i n t o  th e  d r iv i n g  fu n c t io n s  o f  th e  e q u a t io n  o f  m otion . To 
a c h ie v e  a s u i t a b l e  e l e v a t o r  h e ig h t  c o n t r o l  f u n c t i o n ,  how ever, 
t h e  change in  h e ig h t  must f i r s t  be ex p re s se d  in  te rm s o f  th e  
s t a t e  v a r i a b l e s  0,w andU as  fo l lo w s
h = W cos 0 - U s i n  0 5 . 3 .6
C o n s id e r in g  o n ly  sm all  changes i n  0, t h i s  e q u a t io n  can be 
w r i t t e n  as
h = V s  ( w - 0 )  5 .3 .7
The d r iv i n g  f u n c t io n s  f o r  e l e v a t o r  c o n t r o l  o f  h e ig h t  and p i t c h  
a t t i t u d e  a re  t h e r e f o r e  g iv e n  by
D (s )  = X(s) 5 .3 .8
M c iCs) - i  
>n l  1 s
D2 (s ) = Z (s) + ^  Cl ( f C2 (s )
Dm(s) = m(s) + [ ^ ( s )  -  j C 2 (s)
Z 1
+ C0 (s ) .w  5 .3 .9m s  2 K J  n
+ J  C2 (s )  w 5 .3 .1 0
where C^(s) and C2 CS) a r e th e  g e n e r a l i s e d  c o n t r o l  f u n c t io n s  shown 
in  F ig  5 .4 .  The s t a b i l i t y  o f  th e  system  w ith  b o th  a t t i t u d e  and 
h e i g h t  loops  c lo se d  i s  th e n  d e f in e d  by th e  c h a r a c t e r i s t i c  e q u a t io n
where
K 6 ( s )  =
1
nu, + —  m* 1 m w n
y, (x  + z ) + —  (x m* -  y,m l u  w m u w  l w  n
+  ~ r~
■ 1 ,
(x z -  z x ) + —  (x m -  x m ) w u w u m u w w u 
n
. t
.-2
5 .3 .1 2
and
K2 H(s) =
z___ n s 3 +m
n. L
-  z + —  (m + m* + x i_ )  q m q w • u Bn
S 2  A - l
XB
Zj
( x z  -  x z ) - y , ( k ! + z ) +  —-  ( x in - m x  + y, m -  x m*) u q  q u  1 w m _ _ q u  q u  l w  u w u
x z  -  x z  + x k ’ + z k T + —  (m x u w  w u  u u L  m u w
n
x m -  m k _ ) u w u L
yi  $ - 3- —  t  
XB
5 .3 .1 3
5 .3 .2  Root Locus E q u a t io n s  and O rder o f  Loop C losu re
U n like  t h e  L a t e r a l  Channel shown in  F ig  5 .3 ,  th e  o r d e r  o f  loop  
c l o s u r e  in  t h e  L o n g i tu d in a l  c h a n n e l  i s  c o m p a ra t iv e ly  s im p le .  The 
prim e c o n s id e r a t io n  i n  t h i s  c a s e  i s  t o  a c h ie v e  a  good s h o r t  te rm  
p i t c h  a t t i t u d e  c o n t r o l .
A s u i t a b l e  a u t o p i l o t  a t t i t u d e  c o n t r o l  f u n c t i o n  CjCs) can  t h e r e ­
f o r e  be o b ta in e d  by p l o t t i n g  r o o t  l o c i  d e f in e d  by th e  e q u a t io n
- 1 =
Kj ( s )  . 0 ( s ) 
Kt2 F ( s )
5 .3 .1 4
S ince  th e  p o le - z e r o  p a t t e r n  o f  th e  a i r c r a f t  v a r i e s  w ith  speed  and 
a t t i t u d e ,  e t c . ,  many r o o t  l o c i  must be p l o t t e d  in  o rd e r  t o  d e te rm in e  
t h e  v a r i a t i o n  o f  t h e  c o n t r o l  f u n c t io n  p a ra m e te rs  t h a t  a r e  r e q u i r e d  t o  
g iv e  an a c c e p ta b l e  r e s p o n se  o v e r  a wide ra n g e  o f  f l i g h t  c o n d i t i o n s .
Once th e  c o n t r o l  f u n c t io n  C^Cs) has been d e te rm in e d ,  th e  
h e ig h t  lo ck  c o n t r o l  C2 CS) i s  th e n  o b ta in e d  from th e  r o o t  lo c u s  
p l o t s  d e f in e d  by th e  e q u a t io n
K C (s )  H(s)
-1 = — —  -------------------   5 .3 .
s[K t  F (s )  + Kx C ^ s )  e ( s ) ]
Here a g a in  many lo c i  must be p l o t t e d  to  d e te rm in e  th e  v a r i a t i o n  
r e q u i r e d  in  C2 (s)  th ro u g h o u t  th e  f l i g h t  en v e lo p e .
5 .4  D esign o f  an a u t o p i l o t  to  c o n t r o l  p i t c h  a t t i t u d e  and h e ig h t
5 .4 .1  G eneral r e q u ire m e n ts  and b a s i c  system
The main fu n c t io n  o f  th e  a u t o p i l o t  in  t h i s  case  i s  t o  m a in ta in  
t h e  d e s i r e d  s h o r t  te rm  p i t c h  a t t i t u d e  o f  th e  a i r c r a f t  u s in g  an 
a c c e p ta b le  t r a n s i e n t  r e s p o n s e .
E xp er ien ce  h as  shown t h a t  p a s s e n g e r s  p r e f e r  a t r a n s i e n t  w i th  
a  n a t u r a l  f req u en cy  o f  3 t o  5 r a d / s e c  and a damping r a t i o  o f  
0 .5  t o  0 .8 .
The o b je c t  o f  c o n t r o l l i n g  th e  long te rm  phugoid  mode (p e r io d  
20-40 s e c o n d s ) ,  i s  n o rm a l ly  t o  improve i t s  damping. T h is  i s  
p a r t i c u l a r l y  im p o r ta n t  when th e  a u t o p i l o t  i s  coupled i n t o  t h e  g l i d e  
p a th  s i g n a l  t o  form p a r t  o f  an a u to m a tic  la n d in g  system .
The r e q u ire m e n t  in  h e ig h t  c o n t r o l  i s  a g a in  one o f  w e l l  damped 
s h o r t  te rm  and long  te rm  t r a n s i e n t s .  H eigh t lock  i s  p a r t i c u l a r l y  
im p o r ta n t  t o  modern c i v i l  a i r l i n e r s  which a r e  now r e q u i r e d  to  f l y  
in  a i r  c o r r i d o r s  a t  w e ll  d e f in e d  a l t i t u d e s . .
The b a s i c  c o n t r o l  loops used  t o  m a in ta in  h e ig h t  and p i t c h  
a t t i t u d e  o f  a  t y p i c a l  a i r c r a f t  a r e  shown in  F ig  5 .5 .  P i t c h  
a t t i t u d e  i s  n o rm a l ly  measured by i n t e g r a t i n g  th e  s i g n a l  from th e
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r a t e  g y ro ,  w h ile  h e i g h t  e r r o r  i s  o b ta in e d  from an a n e r io d  c a p s u le .  
The e r r o r  s i g n a l s  from th e s e  s e n s o r s  a r e  fed  i n t o  th e  a u t o p i l o t  
computer and th e  c o n t r o l  loops a r e  c lo s e d  v i a  an a c t u a t o r  which i s  
u sed  t o  a d j u s t  th e  p o s i t i o n  o f  th e  e l e v a t o r .
S ince  th e  g a in  and p o le - z e r o  p a t t e r n s  o f  th e  a i r c r a f t  v a ry  
w ith  sp eed ,  a l t i t u d e ,  e t c . ,  th e  g a in  and p o le - z e r o  p a t t e r n s  o f  th e  
c o n t ro l  laws C^(s) and C^(s ) shou ld  i d e a l l y  be f u l l y  a d a p t iv e  
i n  o rd e r  to  m a in ta in  th e  d e s i r e d  t r a n s i e n t  perfo rm ance  o v e r  t h e  
com plete  f l i g h t  en v e lo p e .  A d ju s t in g  th e  p o le - z e r o  p a t t e r n s  o f  
th e  a u t o p i l o t  i s ,  however, v e ry  c o s t l y  and canno t n o rm a lly  be 
j u s t i f i e d  f o r  su b so n ic  a i r c r a f t .
In  p r a c t i c e  t h e  loop  g a in  i s  v a r i e d  w ith  i n d i c a t e d  a i r s p e e d  
and th e  p i e - z e r o  p a t t e r n s  o f  the c o n t r o l  laws a re  chosen t o  g iv e  
s a t i s f a c t o r y  t r a n s i e n t  perfo rm ance  over  th e  w id e s t  p o s s i b l e  ran g e  
o f  f l i g h t  c o n d i t i o n s .
/
5 .4 .2  Choice o f  A u to p i lo t  C o n tro l  Laws f o r  a t y p i c a l  a i r c r a f t
We w i l l  now c o n s id e r  th e  choice o f  t h e  c o n t r o l  f u n c t i o n  C^(s) 
f o r  a  p a r t i c u l a r  a i r c r a f t  whose s h o r t  p e r io d  n a t u r a l  mode v a r i e s  
w i th  a i r  speed  as  shown i n  F ig  5 .6 .  The d e s ig n  w i l l  be i l l u s t r a t e d  
by c o n s id e r in g  th e  s t a b i l i t y  and perfo rm ance  o f  th e  a i r c r a f t  a t  i t s  
c r u i s i n g  speed ( 500 f t / s e c )  and normal o p e r a t in g  a l t i t u d e  o f  
10 ,000  f e e t .
Under th e s e  c o n d i t io n s  th e  open loop  a i r c r a f t  r e s p o n se  i s  
g iv en  by
O = 67 .2  s (s. + 0 ,6 3 )  (s + 0 .0183)_______________  5 ^
n ( s 2 + 2 .2  s + 8 .48 )  ( s 2 + 0 .00193 + 0 .0035)
-0
 r--------------r------------ 1--------------*-------------1------------ -*--------------r
-5 -4  -3  -2 -1 0 1
Fig 5 .6  A irsp eed  v a r i a t i o n  o f  th e  s h o r t  p e r io d  p o le s  o f
a t y p i c a l  a i r c r a f t .
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F ig  5 .7  Required  v a r i a t i o n  o f  p i t c h  a t t i t u d e  c o n t ro l  f u n c t i o n  g a in
w ith  i n d i c a te d  a i r s p e e d .
r  jl m c a a u x c m c i i u o  uj i  u i t ^  a ^ u u a t u i  o i i v / wv^u .  t i i a u  x w
cou ld  be approx im ated  by th e  t r a n s f e r  f u n c t io n
..A = 7*7 5  4
n (s + 7 .7 )
By p l o t t i n g  f a m i l i e s  o f  l o c i  t o  cover a wide ran g e  o f  f l i g h t  
c o n d i t io n s  i t  was found t h a t  a  s a t i s f a c t o r y  p i t c h  re sp o n s e  cou ld  
be o b ta in e d  u s in g  a c o n t r o l  f u n c t io n
C, ( s )  = K S + 1 - 6  ( m i
l ' -  J  1 S (s+8) 5 .4
where i s  a  g a in  p a ra m te r  which v a r i e s  w ith  i n d i c a t e d  a i r  speed  
as  shown in  F ig  5 .7
The c lo se d  loop  p o le s  o f  th e  s h o r t  te rm  re sp o n se  a r e  th e n  w e l l  
damped as can be seen  from r o o t  lo c u s  g iven  in  F ig  5 .8 .
F l ig h t -  t r i a l s  u s in g  t h i s  c o n t ro l  law showed t h a t  w h i le  th e  
s h o r t  te rm  re sp o n se  was s a t i s f a c t o r y  th e  a i r c r a f t  f a i l e d  t o  h o ld  
long te rm  p i t c h  a t t i t u d e  due to  t h e  random d r i f t  in  t h e  r a t e  g y ro .
T h is  f a u l t  was overcome w ith o u t  e f f e c t i n g  th e  s h o r t  te rm  
re s p o n s e  by in c lu d in g  a t r a n s i e n t i s i n g  te rm  in  th e  c o n t ro l  law 
as  fo l lo w s
p — Ir  (s + 1«6) (s+3)______ S__________ j- .
L1 ISJ -  K1 s (s+8) (s + 0 .0 5 )  5 ,4
The e f f e c t  o f  t h i s  form o f  c o n t r o l  on th e  damping r a t i o  and 
freq u en cy  o f  t h e  c r u i s i n g  speed p i t c h  phugoid  i s  shown in  F ig  5 .9 .
As th e  a i r s p e e d  d e c r e a s e s ,  th e  s h o r t  p e r io d  a i r c r a f t  mode 
d e c re a s e s  in  f req u en cy  and becomes l e s s  w e ll  damped. While th e  
f req u en cy  and damping r a t i o  o f  t h e  phugo id  a r e  v i r t u a l l y  in d e p ­
enden t o f  speed  o v er  th e  normal o p e r a t in g  r a n g e .
Root Locus solution of
Kx ( s + 1 .6 ) ( s + 3 ) ( s + 0 .6 3 ) ( s + 0 .0 1 8 3 )
( s + 8 ) ( s + 7 . 7 ) (s2+2. 2 s+ 8 . 4 5 ) ( s 2+0.019s+0.0035)
31.
31.
+o
31.
31 .8
Fig  5 .8  S ho rt  te rm  p i t c h  a t t i t u d e  c o n t r o l  a t  normal c r u i s i n g  speed  
(500 f t / s e c )  and h e ig h t  (10 ,000  f t . ) .
Root Locus Solution of
0.0036  K. s (s+ 0 .0 1 8 3 )
-1  =  ----------------------------------------------------------------------
( s+ 0 .05 ) ( s 2+0.019s +0.0035)
- 0 .0 6
-  0 .0 4
~  0.02
+ o
- 0.12 - 0 .1 0 -0 .0 8 -0 .0 6 -0 .0 4 - 0.02
- 0 .02
-0 .0 4
" -0 .0 4
-ju)
Fig 5.9 Long term pitch attitude control at normal cruising speed and height.
The low speed  l i m i t  f o r  t h e  use  o f  p i t c h  a t t i t u d e  c o n t r o l  o ccu rs  
s l i g h t l y  above th e  minimum d rag  speed  when th e  a i r c r a f t  po lynom ia l  
F ( s )  c o n ta in s  a  r e a l  p o le  n e a r  t o  t h e  o r i g i n  i n  t h e  r i g h t  hand h a l f  
p l a n e .  Under t h e s e  c o n d i t i o n s ,  th e  c lo s e d  loop  system  a l s o  c o n ta in s  
a  d iv e rg e n t  e x p o n e n t ia l  mode and th e  a i r c r a f t  g r a d u a l ly  l o s e s  h e i g h t .
' I t  has  been  found t h a t  f i x e d  p o le - z e r o  com pensation  g iv e s  s a t i s f a c t o r y  
perfo rm ance  o ver  a  speed  r a t i o  o f  4 :1  and t h i s  n o rm ally  d e f in e s  t h e  
upper  speed  l i m i t  f o r  p i t c h  a t t i t u d e  c o n t r o l .  More r e c e n t - a i r c r a f t  
such a s  Concord have a speed  r a t i o  o f  a t  l e a s t  8 :1  and w i l l  t h e r e f o r e  
r e q u i r e  a  f u l l y  a d a p t iv e  a u t o p i l o t .
Having o b ta in e d  s a t i s f a c t o r y  a t t i t u d e  c o n t r o l ,  t h e  h e i g h t  lo c k  
c o n t r o l  f u n c t io n  C ^(s)  i s  th e n  de te rm ined  from t h e  r o o t  lo c u s  
e q u a t io n
t t / n  K C (s) C (s)
= H ( s !  _ 2  _ 2 ,.l z  _ .
s A (s)
where H (s)  = 0.498 ( s  + 1 5 . l ) ( s  -  1 3 .6 ) ( s  + 0 .0 1 2 1 ) ,  C, a r e  th e9 l z
z e ro s  o f  th e  c o n t r o l  f u n c t i o n  C^Cs), and A (s)  i s  t h e  s e v e n th  
o r d e r  p o lynom ia l formed from th e  c lo s e d  loop  p o le s  o f  t h e  i n n e r  p i t c h  
a t t i t u d e  lo o p .
I t  sh o u ld  be n o te d  t h a t  in  t h i s  case  we r e q u i r e  th e  0 °  r o o t  lo c u s  
due to  th e  non-minimum phase  r e l a t i o n s h i p  between change in  h e i g h t  and 
movement o f  th e  e l e v a t o r .  T h is  can a l s o  be seen  from t h e  p o s i t i o n  o f  
t h e  r i g h t  hand h a l f  p la n e  z e ro  in  th e  p o ly n o m ia l  H (s ) .
F a m il ie s  o f  r o o t  l o c i  were ag a in  p l o t t e d  and i t  was found  t h a t  an 
a c c e p ta b l e  h e i g h t  lo c k  co u ld  be a c h iev ed  o v e r  a  wide range  u s in g  t h e  
c o n t r o l  law
Root Locus Solution of
0.498 K2 ( s + 1 5 . 1 ) ( s - 1 3 . 6 ) ( s + 0 . 0 1 2 1 ) ( s + 8 ) ( s + 0 . 2 ) ( s + 0 . 0 5 )
+1 =  ------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
s ( s + l ) ( s + 0 . 1 4 8 ) ( s 2+ 0 .036s+ 0 .0 0 0 9 6 ) ( s 2+ 4 . 2 s + 9 . 9 ) ( s 2+13 .5 s+ 68 .1)
= 0.124
0.124
-11 i-10
- -4
-J0)
Fig 5.10 Short term modes of the height lock control system.
1.25 K2 ( s+ 0 . 0 5 ) ( s+ 0 .0 1 2 ) ( s +0.2)
s (s+1) ( s + 0 .1 4 8 ) ( s 2+ 0 .3 6 s+ 0 .00096)
- 0 . 3
‘ 0 . 2
+a
- 0 .4 - 0 .3 - 0.2 - 0. 1
- 0 . 1
- 0.2
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Fig 5 .11 Improvement in  a i r c r a f t  phugoid damping due to  long te rm
h e ig h t  lock  c o n t r o l .
I t  was found t h a t  th e  b a s i c  a i r s p e e d  law r e q u i r e d  f o r  ^  cou ld  
be made th e  same as t h a t  u sed  f o r  th e  a t t i t u d e  lo o p ,  p ro v id e d  th e  
r a t i o  o f  t h e  s t a t i c  e r r o r  s e n s i t i v i t y  was s e t  t o  0 .05  d e g re e s  p e r  
f o o t .  The r o o t  l o c i  g iv e n  in  F ig  5 .10  and 5 .11  show t h a t  w h i le  th e  
h e ig h t  lo c k  c o n t r o l  has v i r t u a l l y  no e f f e c t  on th e  s h o r t  te rm  modes 
o f  th e  a t t i t u d e  lo o p ,  i t  does how ever, p roduce  a c o n s id e r a b le  im prove­
ment i n  t h e  damping o f  th e  phugo id .
The l i m i t i n g  c a se  f o r  th e  u se  o f  h e i g h t  lo c k  o c c u rs  when th e  
a i r c r a f t  i s  f l y i n g  below th e  minimum d rag  sp eed .  Under t h e s e  
c o n d i t io n s  th e  po lynom ial H(s) has  a n o th e r  ze ro  in  th e  r i g h t  hand 
h a l f  p la n e  v e ry  c lo s e  t o  th e  o r i g i n .  T h is  ze ro  t o g e t h e r  w i th  t h e  
open loop  p o le  a t  th e  o r i g i n  g iv e s  r i s e  t o  a d iv e r g e n t  c lo s e d  loop  
mode which shows t h a t  th e  system  i s  no lo n g e r  a b le  to  m a in ta in  
th e  d e s i r e d  a l t i t u d e .
5 .5  SUMMARY
A g e n e ra l  a n a l y t i c a l  method has  been deve loped  which e n a b le s  
r o o t  lo c u s  te c h n iq u e s  t o  be used  f o r  th e  d e s ig n  o f  m u l t i lo o p  
a i r c r a f t  c o n t r o l  sy s tem s . When used  in  c o n ju n c t io n  w ith  t h e  
a u t h o r ' s  com puter program , th e  r o o t  l o c i  f o r  th e  com ple te  f l i g h t  
en v e lo p e  o f  a t y p i c a l  a i r c r a f t ,  can now be p l o t t e d  in  abou t 15 m in u te s  
compared w ith  s e v e r a l  weeks p r e v io u s l y  r e q u i r e d  by manual m e thods.
F l i g h t  t r i a l s  have shown t h a t  th e  d e s ig n  p ro c e d u re  g iv e s  
s a t i s f a c t o r y  c o n t r o l  laws and th e  method has  now been w id e ly  
adop ted  by a u t o p i l o t  m a n u fa c tu re s  and government r e s e a r c h  e s t a b l i s h m e n t s .
CHAPTER 6
ROOT LOCUS DETERMINATION OF IN-FLIGHT 
HUMAN PILOT TRANSFER FUNCTIONS
6 .1  I n t r o d u c t io n
Having developed  a g e n e ra l  r o o t  lo cu s  method f o r  a i r c r a f t  c o n t r o l  
system  d e s ig n  and a com puter program which can d e a l  w ith  p u re  t im e  d e la y  
r o o t  l o c i ,  we a r e  now in  a p o s i t i o n  t o  c o n s id e r  th e  s t a b i l i t y  o f  a i r ­
c r a f t  c o n t r o l l e d  by a human p i l o t .  S ince  we a r e  a l s o  a b le  to  i d e n t i f y  
th e  dynamics o f  p u re  tim e d e la y  sy s tem s ,  i t  shou ld  now be p o s s i b l e  t o  
o b ta in  th e  t r a n s f e r  f u n c t i o n  o f  a p i l o t  from measured f l i g h t  r e c o r d s .
V arious  methods o f  r e p r e s e n t i n g  th e  c o n t r o l  a c t io n  o f  th e  p i l o t  
a r e  c o n s id e re d  and i t  i s  shown t h a t  a l i n e a r  con t in u o u s  model i s  th e  
most s u i t a b l e  form f o r  p a ram e te r  i d e n t i f i c a t i o n .  The a u th o r  th e n  
e x p la in s  how r o o t  lo c u s  methods can be used  to  i d e n t i f y  th e  p a ra m e te r s  
o f  th e  model from th e  e x p e r im e n ta l ly  de te rm in ed  p o s i t i o n s  o f  t h e  s h o r t  
p e r io d  c lo s e d  loop p o l e s .
F i n a l l y  th e  v a l i d i t y  o f  th e  model i s  e s t a b l i s h e d  by i t s  a b i l i t y  
to  a c c u r a t e l y  p r e d i c t  th e  f re q u e n c y  o f  th e  p i l o t  induced  o s c i l l a t i o n  
which o ccu rs  d u r in g  e l e v a t i o n  t r a c k i n g .
6 .2  F o rm u la tio n  o f  a m a them a tica l  model f o r  th e  human p i l o t
The t r a n s f e r  f u n c t io n  o f  th e  p i l o t  in  t h i s  c o n te x t  i s  t h e  r e l a t i o n ­
s h ip  between th e  observed  e r r o r  s ig n a l  as th e  in p u t  and th e  d is p la c e m e n t  
o f  th e  c o n t r o l  column as th e  o u tp u t .  The t r a n s f e r  f u n c t io n  can n o t  s im p ly  
be d e s c r ib e d  as l i n e a r ,  n o n - l i n e a r ,  d i s c r e t e  o r  even random. His o u tp u t  
in c lu d e s  a l l  o f  th e s e  c h a r a c t e r i s t i c s  and i s  a l s o  a f u n c t io n  o f  h i s  
p s y c h o lo g ic a l  and p h y s io lo g i c a l  c o n d i t io n .
when th e  p i l o t  i s  p e r ro rm m g  a  s i n g l e  c o n c e n t ra te d  t a s k  such as 
t a r g e t  t r a c k i n g ,  t h e r e  a re  however, many f e a t u r e s  o f  h i s  c o n t r o l  
a c t i o n  which can be r e p r e s e n te d  by e i t h e r  a con tin u o u s  o r  a  p u ls e d  
t r a n s f e r  f u n c t i o n .
We w i l l  now c o n s id e r  b o th  methods o f  r e p r e s e n t in g  th e  c o n t r o l  
a c t i o n  o f  th e  p i l o t  and compare them w ith  r e s p e c t  to  t h e i r  a b i l i t y  
to  e x p la in  human p i l o t  c o n t r o l  o f  a V .T .O .L. a i r c r a f t  d u r in g  h o v e r .
6 .2 .1  L in e a r  Continuous P i l o t  T r a n s f e r  F u n c t io n s
The e s s e n t i a l  f e a t u r e s  o f  t h i s  ty p e  o f  model have been 
i n v e s t i g a t e d  by McRuer and Krendel ( 3 0 ) who have shown t h a t  th e  
p o le - z e r o  p a t t e r n  f o r  th e  p i l o t  can be e x p re s sed  in  th e  form
—S tP i l o t  o u tp u t  movement e (1 + sT^) 6 2 1
P i l o t  v i s u a l  in p u t  ”  (1 + s T ^ ) (1 + ST^)
The p u re  tim e d e la y  o f  t  seconds i s  due to  th e  f i n i t e  t im e  ta k e n  by
th e  p i l o t  to  r e a c t  to  an in p u t  s i g n a l .  I t s  v a lu e  has been m easured  
by many d i f f e r e n t  methods most r e c e n t  o f  which i s  t h a t  due to  
M i tc h e l l  (31) who g iv e s  a v a lu e  o f  0 .2  seconds ± 20%.
In  p r a c t i c e  th e  r e a c t i o n  tim e o f  th e  p i l o t  i s  h i s  main
d e s t a b i l i s i n g  e f f e c t  in  a c o n t r o l  loop and i t  imposes an u p p e r  l i m i t
o f  abou t 3 c / s  on h i s  a b i l i t y  t o  fo l lo w  r a p i d l y  v a ry in g  s i g n a l s .
The neurom uscu lar  la g  tim e c o n s ta n t  T^, r e p r e s e n t s  th e  tim e r e q u i r e d
f o r  movement t o  b eg in  i n  th e  p i l o t s  arm a f t e r  th e  motor n e rv e  o f
th e  m uscle  has  been s t im u la t e d .  T h is  has  a g a in  been m easured by
M i tc h e l l  who g iv e s  th e  v a lu e  o f  T^ as  0 .1  seconds ±20%.
/
R eac t io n  tim e d e la y  and neurom uscu la r  la g  a r e  b o th  c h a r a c t e r i s t i c s  
o f  th e  p i l o t s  re sp o n se  o v e r  which he has  no c o n t r o l .  They a r e  a p p ro x im a te ly  
c o n s ta n t  f o r  a p a r t i c u l a r  p i l o t  under normal c o n d i t io n s  b u t  th e y  a r e  
known to  in c r e a s e  s l i g h t l y  w ith  f a t i g u e .
Perhaps t h e  most i n t e r e s t i n g  f e a t u r e  o f  t h e . p i l o t s  c o n t r o l  
a c t i o n  i s  h i s  a b i l i t y  t o  a d j u s t  some o f  th e  p a ram e te rs  o f  h i s  
t r a n s f e r  f u n c t io n  i n  o rd e r  to  o p t im is e  th e  o v e r a l l  perfo rm ance  o f  
th e  c o n t ro l  lo o p .  To a c h iev e  t h i s ,  t h e  p i l o t  v a r i e s  h i s  a n t i c i p a t i o n  
(1 + ST^) g a in  K , and la g  1 / (1  + sT^) so t h a t  th e  system  o p e r a t e s  as  
n e a r  as  p o s s i b l e  to  h i s  own s a t i s f a c t i o n .
The a b i l i t y  to  in t ro d u c e  a le ad  term  depends on th e  p i l o t s  
e x p e r ie n c e  o f  th e  p a r t i c u l a r  c o n t ro l  t a s k  and can v a ry  c o n s id e r a b ly  
from p e rso n  to  p e rs o n .  I t  w i l l  be shown l a t e r  in  t h i s  c h a p te r  t h a t  
th e  upper  l i m i t  o f  th e  le a d  tim e c o n s ta n t  T^ i s  abou t 2 seco n d s .
S h in n e rs  (3 2 ) has  d em o n s tra ted  t h a t  th e  la g  tim e c o n s ta n t  T^ 
used  by th e  p i l o t  depends on th e  f req u en cy  o f  th e  in p u t  s i g n a l s .  When 
th e  in p u t  f req u en cy  i s  low, th e  p i l o t  a d j u s t s  T^ t o  a b o u t 20 seconds 
and u se s  th e  la g  te rm  as an i n t e g r a t o r  to  remove s te a d y  s t a t e  e r r o r .  
While f o r  h ig h  in p u t  f r e q u e n c ie s  th e  v a lu e  o f  T^ i s  s e t  t o  abou t 
0 .0 7  seconds and th e  p i l o t  is e s  th e  la g  term f o r  e r r o r  sm ooth ing .
The rem a in ing  p a ra m e te r  i s  t h e  p i l o t  g a in  K^. I t s  p h y s i c a l  
s i g n i f i c a n c e  in  t h i s  case  i s  th e  r a t i o  o f  th e  s t i c k  movement made 
by th e  p i l o t  t o  h i s  v i s u a l  e r r o r  s ig n a l  o b ta in e d  from ground r e f e r ­
ence o r  some form o f  head up d i s p l a y .
L ab o ra to ry  experim en ts  by S h in n e rs  (32) s u g g e s t  t h a t  
can v a ry  by a f a c t o r  o f  100:1 which i n d i c a t e s  t h a t  th e  p i l o t  i s  
c ap a b le  o f  making s i g n i f i c a n t  changes in  loop  g a in .
6 . 2 .2  Sampled D ata Models
Follow ing  th e  developm ent o f  Z t r a n s fo rm  th e o ry  f o r  th e  a n a l y s i s  
o f  sampled d a t a  system s t h e r e  have been s e v e r a l  a t te m p ts  t o  r e p r e s e n t  
t h e  c o n t r o l  a c t i o n  o f  th e  p i l o t  by means o f  a d i s c r e t e  m odel. The most 
n o ta b le  o f  th e s e  have been th e  models produced  by P r o f e s s o r  W e s tc o t t  (33)
and more r e c e n t l y  t h a t  due to  Lange (34). While t h e s e  models v a ry  ir. 
com plex ity  and s o p h i s t i c a t i o n  th e y  a r e  a l l  based  on Bekey’s o r i g i n a l  
p u ls e d  t r a n s f e r  f u n c t io n  (35)
P (z )  = Z
_sT1 - e K 6 . 2 . 2s  I1 + sTN )  J
He assumes t h a t  th e  p i l o t  can be r e p r e s e n te d  by a sam pler which 
o p e r a te s  e v e ry  200 o r  300 m i l l i s e c o n d s  fo llow ed  by a ze ro  o rd e r  h o ld .  
The o u tp u t  o f  th e  ho ld  c i r c u i t  th e n  o p e r a te s  th e  motor n e rv e s  which 
in t r o d u c e  a neurom uscu la r  la g  o f  seconds .
The p i l o t s  a b i l i t y  t o  ad ap t h i s  c o n t ro l  a c t i o n  i s  th e n  
a t t r i b u t e d  to  h i s  v a r i a t i o n  o f  g a in  K, and h i s  sam pling f re q u e n c y  
(1 /T ) .
We w i l l  now compare th e  sampled d a t a  model w ith  th e  c o n t in u o u s  
p i l o t  t r a n s f e r  f u n c t io n  in  a c o n t r o l  loop which th e  p i l o t  i s  r e q u i r e d  
t o  m a in ta in  p i t c h  a t t i t u d e  o f  a V .T.O .L. a i r c r a f t  d u r in g  h o v e r .
6 .2 .3  Comparison o f  d i s c r e t e  and co n t in u o u s  p i l o t  models f o r  
p r e d i c t i n g  human p i l o t  c o n t r o l  o f  an u n s ta b l e  V .T .O .L. 
i n  hover
The b a s i c  system  used  f o r  manual c o n t r o l  o f  a V .T.O .L. a i r c r a f t  
d u r in g  hover  i s  i l l u s t r a t e d  by th e  Hock d iagram  shown in  F ig  6 . 1 .
In  t h i s  case  th e  p i t c h i n g  moments a r e  o b ta in e d  from sm all  p u f f e r  
j e t s  mounted on th e  nose and t a i l  o f  th e  a i r c r a f t .  The t h r u s t  o f  
th e s e  j e t s  i s  d e te rm in ed  by th e  p o s i t i o n  o f  th e  e l e v a t o r  which i s  
o p e ra te d  from th e  c o n t r o l  column in  th e  same way as  t h a t  f o r  co n ­
v e n t io n a l  f l i g h t .
The c o n t r o l  system  can now be an a ly se d  u s in g  e i t h e r  a sampled 
d a t a  model f o r  th e  p i l o t  as  shown in  F ig  6 .2  o r  a l i n e a r  t r a n s f e r  
f u n c t io n  a s  i l l u s t r a t e d  in  F ig  6 .3 .  C o n s id e r  f i r s t  t h e  c lo s e d  loop  
perfo rm ance  p r e d i c t e d  u s in g  th e  sampled d a t a  system .
AIRCRAFT
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F ig  6 .1  Manual C o n tro l  o f  a V .T.O .L. a i r c r a f t  d u r in g  h o v e r .
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F ig  6 .2  Sampled d a t a  system  f o r  th e  human p i l o t  p i t c h  a t t i t u d e  
c o n t ro l  loop shown in  Fig 6 .1 .
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Fig 6.3 Continuous pilot model for the V.T.O.L. control system.
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Fig  6 .4  Z t r a n s fo rm  r o o t  lo c u s  p l o t s  showing th e  e f f e c t  o f  v a ry in g  th e  p i l o t  
sam pling  f req u en cy  on th e  s t a b i l i t y  o f  th e  d i s c r e t e  human p i l o t  
c o n t ro l  system  g iven  i n  F ig  6 .2 .
For a sam pling  p e r io d  o f  0 .3  seconds ,  th e  open loop p u ls e d  
t r a n s f e r  f u n c t io n  i s  g iv e n  by
P (z )  = Kz (z2 + 0 .9 4 z  + 0 .2 5 )_________
(z -  l . )2 (z -  0 .1 2 )  (z -  0 .05 )
The co r re sp o n d in g  r o o t  lo c u s  i n  th e  z p la n e  i s  shown in  F ig  6 .4  
t o g e th e r  w ith  th e  e f f e c t  o f  v a ry in g  th e  sam pling  p e r io d  t o  0 .2  
seconds .
From th e s e  l o c i  i t  can be seen  t h a t  t h e  d eep e r  c o n c e n t r a t i o n  
a s s o c i a t e d  w ith  a h ig h e r  sam pling  r a t e  improves th e  s t a b i l i t y  o f  
th e  o v e r a l l  system . The toc i a l s o  shows t h a t  even a t  h ig h  sam pling  
r a t e s ,  t h e  system  w i l l  be u n s ta b l e  a t  low loop  g a in .  T h is  a g re e s  
w ith  p r a c t i c a l  o b s e r v a t io n s  s in c e  under  th e s e  c o n d i t io n s  th e  system  
i s  v i r t u a l l y  open loop .
Continuous p i l o t  model
The open loop t r a n s f e r  f u n c t i o n  f o r  th e  con t in u o u s  p i l o t  model 
o f  th e  V .T .O .L. h over  c o n t r o l  system  i s  g iv e n  by
PCs) -  4 8 . 3  Kp (s + X/T,) e - ° - 2g
s 2 (s + 1 0 ) (s + 15) (s+7)
Where th e  r e a c t i o n  tim e  d e la y  and n eu rom uscu la r  la g  have been  ta k e n  
a t  t h e i r  nominal v a lu e s .  I t  has  a l s o  been assumed t h a t  un d er  th e s e  
c o n d i t io n s  th e  p i l o t  u s e s  h i s  la g  te rm  f o r  e r r o r  sm ooth ing .
The e f f e c t  o f  v a ry in g  th e  p i l o t s  a n t i c i p a t i o n  on t h e  s t a b i l i t y  
and perfo rm ance  o f  th e  system  can be seen  from th e  fa m ily  o f  r o o t  
l o c i  g iv en  in  F ig  6 .5 .  These l o c i  show t h a t  in  o rd e r  t o  f l y  an 
a i r c r a f t  o f  t h i s  ty p e  th e  p i l o t  nust be c a p a b le  o f  in t r o d u c in g  a 
phase  advance e q u iv a le n t  t o  a ze ro  in  th e  ran g e  - 2 .0  to  - 0 .5 .
They a l s o  su g g e s t  t h a t  th e  a i r c r a f t  w i l l  become more d i f f i c u l t  t o  
f l y  as  th e  p i l o t  z e ro  moves f u r t h e r  away from th e  o r i g i n  due t o  f a t i g u e
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.
These o b s e r v a t io n s  a r e  i n  agreem ent w ith  p r a c t i c a l  e x p e r i e n c e ,  
and i t  has  been found t h a t  a i r c r a f t  o f  t h i s  ty p e  canno t be flown 
in  hover  f o r  long  p e r io d s  u n le s s  th e y  a r e  f i t t e d  w ith  an m x i t b -  
s t a b i l i s e r  such as t h a t  d es ig n ed  by th e  a u th o r  f o r  th e  H a r r i e r  (29) .
Comparison o f  th e  r e s u l t s
The r e s u l t s  o f  th e s e  i n v e s t i g a t i o n s  show t h a t  w h ile  b o th  models 
e x p la in  th e  p i l o t s  a b i l i t y  t o  f l y  t h i s  u n s t a b l e  a i r c r a f t ,  t h e  con­
t in u o u s  system  g iv e s  a c l e a r e r  u n d e r s ta n d in g  o f  h i s  c o n t r o l  a c t i o n .
His t r a n s f e r  f u n c t io n  p a ra m e te r  v a lu e s  a r e . a l s o  more e a s i l y  o b ta in e d  
in  t h i s  c ase  due to  t h e  s im p le r  r e l a t i o n s h i p  between t r a n s i e n t  
r e s p o n se  and th e  p o s i t i o n  o f  th e  c lo s e d  loop  p o le s .
When sampled d a t a  te c h n iq u e s  were a p p l ie d  t o  th e  h ig h  o r d e r  
e q u a t io n  o f  th e  c o n v e n t io n a l  a i r c r a f t ,  th e  m athem atics  became v e ry  
complex and d i f f i c u l t y  was ex p e r ien ced  in  d e r iv in g  th e  open loop 
t r a n s f e r  f u n c t i o n .  A lthough th e  a u th o r  has  r e c e n t l y  been a b le  t o  
s im p l i f y  th e  e v a lu a t io n  o f  th e  t im e  re sp o n s e  o f  th e s e  system s ( 3 6 ) 
i t  soon becomes c l e a r  t h a t  sampled d a t a  models were u n s u i t a b l e  f o r  
th e  a n a l y t i c a l  d e te rm in a t io n  o f  p i l o t  r e s p o n s e .  I t  was t h e r e f o r e  
d e c id e d  to  adop t th e  l i n e a r  c o n t in u o u s  model and e v a lu a te  th e  
paran& ers  u s in g  p u re  tim e d e la y  r o o t  l o c i .
We w i l l  now c o n s id e r  th e  a u th o rs  method o f  d e te rm in in g  th e  
t r a n s f e r  f u n c t io n  o f  th e  p i l o t  when f l y i n g  a c o n v e n t io n a l  a i r c r a f t  
a t  normal c r u i s i n g  speed and h e i g h t .
6 .3  D e te rm in a t io n  o f  P i l o t  T r a n s f e r  F u n c t io n  For a S p e c i f i c  
F l i g h t  Manoeuvre
6 .3 .1  Measurement o f  P i l o t - A i r c r a f t  r e sp o n s e
The b a s i c  c o n t ro l  system  used  f o r  manual c o n t r o l  o f  p i t c h  
a t t i t u d e  in  a t y p i c a l  a i r c r a f t  i s  shown in  F ig  6 .6 .  I t  i s  e s s e n t i a l l y
8d \ 0e K e~ST( l  + ST.) p k J 10 .5
60 (1 + sTl ) O sTn ) s + 7
PITCH ATTITUDE
5 6 .3  (s + 1 .12)
,5 .9 s + 15 .2 )
n
ELEVATOR
Fig  6 .6  Human p i l o t  c o n t r o l  o f  a i r c r a f t  p i t c h  a t t i t u d e
A = a i r c r a f t  p o le  o r  ze ro  
P = p i l o t  p o le  o r  ze ro
Measured c lo s e d  loop  p o le
N ote: The rem ain ing  p i l o t  p a ra m e te rs  a re  ta k e n  a t  t h e i r  nominal
v a lu e  t = 0 .2  s e c ,  Tt = 0 .0 7  s e c ,  and Txt = 0 .1  s e c .9 L 9 N
Fig  6 .7  The e f f e c t  o f  v a ry in g  th e  p i l o t  lo a d  te rm  T^ on th e  s h o r t  
p e r io d  modes o f  th e  c lo se d  loop  system  shown in  Fig 6 .6 .
th e  same as th e  system  shown m  C hap ter  5, ex ce p t  t h a t  th e  a u t o p i l o t  
i s  now r e p la c e d  by a human p i l o t .  The p o s i t i o n  o f  th e  c lo se d  loop 
p o le s  o f  th e  p i l o t - a i r c r a f t  loop  were o b ta in e d  by r e c o rd in g  th e  t r a n s i e n t  
from th e  r a t e  gyro fo l lo w in g  a sudden command to  th e  p i l o t  t o  change 
th e  p i t c h  a t t i t u d e  o f  th e  a i r c r a f t  by 5 ° .  T h is  p ro c e s s  was r e p e a te d  
abou t 40 t im e s  u s in g  th e  same p i l o t  u n d e r  th e  same s e t  o f  f l i g h t  
c o n d i t i o n s . The damping r a t i o  and n a t u r a l  f req u en cy  o f  th e  s h o r t  
p e r io d  mode were th e n  c a l c u l a t e d  from th e  average  v a lu e s  o f  th e s e  
r e c o r d s  and were found to  be 0 .28  and 4 .05  r a d / s e c  r e s p e c t i v e l y .
S ince  th e  perfo rm ance  o f  th e  a i r c r a f t  u n d e r  th e s e  c o n d i t io n s  
i s  known, th e  t r a n s f e r  f u n c t io n  o f  1he p i l o t  can now be d e te rm in ed  
from th e  a c c u r a te  p u re  tim e d e la y  r o o t  l o c i  o f  th e  com plete  system .
6 .3 .2  The e f f e c t  on th e  c lo se d  loop perfo rm ance  o f  v a ry in g  
th e  p a ram e te rs  o f  th e  p i l o t  t r a n s f e r  fu n c t io n
F a m il ie s  o f  r o o t  l o c i  a r e  now p l o t t e d  to  d e te rm in e  th e  p o s s i b l e  
s e t s  o f  p i l o t  p a ra m e te r  v a lu e s  which cou ld  have been used  to  g iv e  
r i s e  t o  th e  measured c lo se d  loop p o le s  o f  th e  s h o r t  p e r io d  r e s p o n s e .
S ince  th e  most s i g n i f i c a n t  p a ra m e te r  o f  th e  p i l o t  t r a n s f e r  f u n c t io n  
i s  h i s  le a d  te rm  we w i l l  f i r s t  t r y  t o  l o c a t e  th e  approx im ate  p o s i t i o n  
o f  t h i s  ze ro  assuming t h a t  th e  o th e r  p a ra m e te rs  were s e t  a t  t h e i r  
nominal v a l u e s .
P i l o t  Lead Term
The e f f e c t  o f  v a ry in g  th e  p i l o t  le a d  te rm  on th e  p o s s i b l e  p o s ­
i t i o n s  o f  th e  c lo se d  loop  p o le s  i s  i l l u s t r a t e d  by th e  fa m i ly  o f  r o o t  
l o c i  shown in  F ig  6 .7  . Only th e  b ran ch es  from th e  s h o r t  p e r io d
a i r c r a f t  p o le s  have been p l o t t e d  and th e s e  c l e a r l y  d e m o n s tra te  t h a t  
th e  p i l o t  must have used  an amount o f  a n t i c i p a t i o n  e q u iv a le n t  to  a 
zero  between - 1 .0  and - 0 .5 .
Reaction Time
V a r ia t i o n  o f  th e  p i l o t s  r e a c t i o n  tim e d e la y  between i t s  known 
l i m i t s  o f  150 and 250 m i l is e c o n d s  has  o n ly  a sm all  e f f e c t  on th e  
p o s s i b l e  c lo s e d  loop  modes as can be seen  from th e  l o c i  g iv e n  in  
P ig  6 .8  (a) • I t  was t h e r e f o r e  ta k e n  a t  i t s  nominal v a lu e  o f
200 m i l i s e c o n d s  t o  a l low  f o r  th e  case  o f  an average  p i l o t  o p e ra t in g  
under c o n d i t io n s  o f  s t r a i n  and h ig h  work lo a d .
Neuromuscular Lag
T his  p a ra m e te r  i s  a l s o  f a i r l y  w e ll  d e f in e d  and th e  e f f e c t  o f  
v a ry in g  i t  over  th e  known l i m i t s  o f  0 .09  to  0 .125  seconds i s  shown 
in  F ig  6 .8  (b)» S ince  t h i s  v a r i a t i o n  p roduces  a n e g l i g i b l e  e f f e c t  
in  th e  r e g io n  o f  th e  measured c lo s e d  loop p o l e s ,  th e  neurom uscu la r  
la g  was ta k e n  as th e  av e rag e  v a lu e  o f  0 .1  seco n d s .
Lag Term
As e x p la in e d  in  s e c t i o n  ( 6 .2 .1 )  , th e  p i l o t  can e i t h e r  u s e  
th e  la g  te rm  as an im p e r fe c t  i n t e g r a t o r  (TL = 10 seconds) o r  a s  an 
e r r o r  smoothing (TL = 1/15  s e c o n d s ) . The e f f e c t  o f  th e s e  two 
extrem e v a lu e s  on th e  p o s s i b l e  p o s i t i o n s  o f  th e  c lo se d  loop  p o le s  
i s  i l l u s t r a t e d  in  F ig  6 .8  (c)* From th e s e  l o c i  i t  can be seen  
t h a t  th e  p i l o t  must have used  th e  la g  f o r  e r r o r  sm ooth ing . Once 
t h i s  had been e s t a b l i s h e d  th e  la g  t im e  c o n s ta n t  TL was ta k e n  as 
(1 /15  s e c o n d s ) .
6 .3 .3  D e te rm in a t io n  o f  th e  p i l o t  t r a n s f e r  f u n c t io n
Taking th e  d e l a y ,  sm oothing e r r o r  tim e c o n s t a n t ,  and n e u ro ­
m uscu lar  la g  a t  t h e i r  nom inal values^ f a m i l i e s ^ o f  r o o t  l o c i  were th e n  
p l o t t e d  to  o b ta in  th e  a c c u r a te  p o s i t i o n  o f  th e  p i l o t s  le ad  te rm  z e ro .
K e " ST( l  + sTa) ( s + 1 .12)
Root lo c u s  e q u a t io n  -1 = -------------------------------------------------------------------------------
s ( s 2 + 3 .9 s  + 15 .2) (s + 7 )(1  + sTL) (1 + sT^)
= 0 .25
-10 -8
(a) R e a c t io n  tim e  d e la y  t seconds
= 0 .125
-O—O-X-
(b) Neuromuscular Lag T.
1/15
i
(c) Lag Time C o n s tan t  T.
F ig  6 .8  The e f f e c t  o f  v a ry in g  t h e  p i l o t  p a ra m e te rs  on th e  s h o r t  
p e r io d  modes o f  th e  c lo se d  loop  system .
From t h e s e  p l o t s  i t  was found t h a t  th e  lo c u s  p assed  th ro u g h  th e  
measured c lo s e d  loop  p o le s  when th e  zero  was a t  - 0 .5  as shown in  
F ig  6 .9 .  The p i l o t  t r a n s f e r  f u n c t io n  computed from t h i s  lo c u s  was 
th e n  found t o  be
_ 0 .1 6  (1 + 2s) e " ° * 2s T_ ,
PCs) -  ^  + 0 . i s ) ( l  + 0 .0 7 s )  I n c h e s /d e g re e  6 .3
S ince  most a u th o rs  d e f in e  th e  working ran g e  o f  th e  p i l o t  g a in  as  
1 to  100 i t  was d ec id ed  t o  w r i t e  e q u a t io n  6 .3 .1  i n  th e  form
K (1 + 2s) e ' ° - 2s
p (s )  = ( I V  0 .1 s )  ( l~  0 .0 7 s )  ' In ch es / degr e e  6 -3
So t h a t  th e  v a lu e  o f  f o r  t h i s  p a r t i c u l a r  f l i g h t  manoeuvre i s  
10 and th e  system  becomes u n s ta b l e  f o r  = 62. E x p re ss in g  e q u a t io n
6 . 3 .2  i n  p o le - z e r o  form, th e  human p i l o t  t r a n s f e r  f u n c t io n  becomes
-0 2s5 K (s  + 0 .5 )  e
P(S) =   rrrr-7-----------  6 .3
K J  (s  + 10) (s  + 15)
6 .4  P i l o t  induced  I n s t a b i l i t y  d u r in g  E le v a t io n  T rack ing
6 .4 .1  P r e d i c t i o n  o f  th e  o s c i l l a t i o n  freq u en cy  u s in g  r o o t  lo c u s
I f  th e  p roposed  p i l o t  model and p a ra m e te r  v a lu e s  a r e  a r e a s o n a b ly  
a c c u r a te  d e s c r i p t i o n  o f  th e  p i l o t ’s c o n t r o l  a c t i o n ,  th e n  i t  sh o u ld  be 
p o s s i b l e  t o  p r e d i c t  th e  perfo rm ance  o f  th e  p i l o t  a i r c r a f t  system  
under  th e  same c o n d i t io n s  f o r  a d i f f e r e n t  f l i g h t  maneouvre. I t  c a n ,  
f o r  i n s t a n c e  be seen  from th e  r o o t  lo c u s  g iven  in  F ig  6 . 9 ,  t h a t  i f  
th e  p i l o t  in c r e a s e s  h i s  g a in  t o  = 62 th e  a t t i t u d e  c o n t r o l  loop  
would o s c i l l a t e  a t  a f requency  o f  5 .0  r a d ia n s  p e r  second .
T
•12 •10 -8
T
-3
—4
Fig  6 .9  D e te rm in a t io n  o f  p i l o t  g a in  K^.
0 ERROR
(MILLIRADIANS)
TIME SECONDS
0
0
Fig 6.10 Typical pitch attitude error during elevation tracking,
6 .4 .2  V e r i f i c a t i o n  o f  t h e  p i l o t  t r a n s f e r  f u n c t io n  from m easured
f l i g h t  r e c o rd s
In  o r d e r  t o  t r y  and produce t h i s  c o n d i t io n  o f  h igh  g a in ,  th e  p i l o t  
was asked  t o  t r a c k  a ground t a r g e t  u s in g  a  f ix e d  aim ing mark on th e  
a i r c r a f t .  As expec ted  th e  p i l o t  en co u n te red  some d i f f i c u l t y  i n  
m a in ta in in g  an e x a c t  c o in c id e n c e  betw een t h e  m arker and th e  t a r g e t .
F ilm  r e c o rd s  o f  t h e  t r a c k in g  e r r o r  d id  i n  f a c t  r e v e a l  th e  p re s e n c e  
o f  a  sm all  o s c i l l a t i o n  as shown i n  f i g  6 .1 0 .  The average  p e r i o d i c i t y  
o f  th e  fundam enta l o s c i l l a t i o n  o b ta in e d  from th e s e  r e c o rd s  was found 
t o  be 4 .9  r a d i a n s  p e r  second ,  which a g re e s  to  w i th in  2% w i th  t h a t  
p r e d i c t e d  from th e  r o o t  lo c u s .
6 .5  Summary
The o r i g i n a l  te c h n iq u e s  deve loped  i n  t h i s  c h a p te r  show t h a t  i t  
i s  now p o s s i b l e  t o  u se  r o o t  lo c u s  methods to  d e te rm in e  t h a t  p a ra m e te rs  
o f  a  human p i l o t  t r a n s f e r  f u n c t io n  from m easured f l i g h t  r e c o r d s .
A lth o u g h  th e  t r a n s f e r  f u n c t io n  o b ta in e d  i s  o n ly  v a l id  f o r  a  s p e c i f i c  
s e t  o f  f l i g h t  c o n d i t i o n s ,  th e  method i s  c o m p le te ly  g e n e ra l  and cou ld  
f o r  example be used  t o  s tu d y  th e  v a r i a t i o n  o f  th e  p i l o t  p a ra m e te rs  
th ro u g h o u t  th e  com plete  f l i g h t  enve lope .
I t  has been shown t h a t  th e  model n o t  o n ly  p ro v id e s  a good q u a l i t a t i v e  
e x p la n a t io n  o f  th e  p i l o t s  c o n t r o l  a c t i o n  b u t  i t  can be used  t o  a c c u r a t e l y  
p r e d i c t  t h e  f req u en cy  o f  p i l o t  induced  o s c i l l a t i o n s  d u r in g  e l e v a t i o n  
t r a c k i n g .
CHAPTER 7
ROOT LOCUS OPTIMISATION OF HUMAN PILOT CONTROL SYSTEMS
7.1  I n t r o d u c t io n
The a b i l i t y  t o  d e te rm in e  a t r a n s f e r  f u n c t io n  f o r  th e  human o p e ra to r  
now e n a b le s  r o o t  locus  methods t o  be ex tended  to  th e  d e s ig n  o f  improved 
man-machine c o n t r o l  sy s tem s . In  p a r t i c u l a r  i t  shou ld  now be p o s s i b l e  to  
compensate manual a i r c r a f t  c o n t r o l  system s in  o rd e r  t o  p r e v e n t  r e s i d u a l  
o s c i l l a t i o n s  induced  by th e  p i l o t .
T h is  problem  has r e c e n t l y  become more a c u te  i n  modern a i r c r a f t  where 
t h e  p i l o t  i s  r e q u i r e d  to  c o n t ro l  f l i g h t  v e c to r  r a t h e r  th a n  p i t c h  
a t t i t u d e .  For some a i r c r a f t  th e  non-minimum phase  re sp o n s e  o f  th e  
f l i g h t  v e c t o r ,  coupled  w ith  th e  r e a c t i o n  tim e o f  th e  p i l o t ,  i s  s u f f i c i e n t  
to  p roduce  l a r g e  induced  o s c i l l a t i o n s  which s e r i o u s l y  a f f e c t  t h e  perfo rm ance  
o f  th e  o v e r a l l  system .
In  t h i s  c h a p te r  th e  a u th o r  f i r s t  d ev e lo p s  th e  p o le - z e r o  p a t t e r n  
o f  th e  a i r c r a f t  f o r  t h i s  form o f  c o n t r o l  and th e n  shows how r o o t  lo cu s  
te c h n iq u e s  can be used  to  o p t im ise  th e  perfo rm ance  o f  th e  c lo s e d  loop  
system .
7 .2  Manual C on tro l  o f  A i r c r a f t  F l i g h t  P a th
7 .2 .1  The p i l o t  c o n t r o l  loop
When th e  p i l o t  f l i e s  a c c o rd in g  to  p i t c h  a t t i t u d e  he s im p ly  a l i g n s  
d i s t a n t  o b j e c t s  seen  th ro u g h  th e  w indscreen  w ith  a f ix e d  mark on th e  
a i r c r a f t .  The f l i g h t  p a th  o f  th e  a i r c r a f t  w i l l  th e n  be somewhere below 
th e  d i r e c t i o n  i n  which th e  a i r c r a f t  i s  p o in t in g  and depends on th e  an g le  
o f  in c id e n c e .
Changes in  f l i g h t  v e c t o r  d i r e c t i o n  y , an g le  o f  in c id e n c e  a ,
and p i t c h  a t t i t u d e  0 ,  a r e  in  f a c t  r e l a t e d  by th e  e q u a t io n
y  = 0 ** a  7 .
Hence i n  o rd e r  to  c o n t r o l  t r u e  f l i g h t  v e c t o r ,  th e  p i l o t  must n o t  
o n ly  be a b le  t o  d e t e c t  change in  p i t c h  a t t i t u d e  b u t  must a l s o  be aware 
o f  th e  c o r re sp o n d in g  change in  th e  an g le  o f  in c id e n c e .
T his  i s  ach ieved  in  p r a c t i c e  by p r e s e n t i n g  th e  p i l o t  w ith  an 
aiming mark p r o j e c t e d  o n to  a head up d i s p l a y  mounted in  f r o n t  o f  th e  
w in d sc reen .  The aim ing mark is fo cu ssed  a t  i n f i n i t y  and i s  d e f l e c t e d  
w ith  r e s p e c t  t o  th e  a i r f r a m e  datum (LFD) by an analogue s ig n a l  p r o ­
p o r t i o n a l  t o  th e  change in  th e  a n g le  o f  in c id e n c e .  When t h i s  d e f l e c ­
t i o n  i s  c a l i b r a t e d  a g a i n s t  th e  p i t c h  a t t i t u d e  d isp la c e m e n t  o f  a 
d i s t a n t  o b j e c t ,  th e  r e l a t i v e  movement o f  th e  aim ing mark w ith  r e s p e c t  
to  t a r g e t  becomes K(0 -  a ) .
The e r r o r  in  th e  p o s i t i o n  o f  th e  aiming mark r e l a t i v e  to  t a r g e t  
i s  th e n  p r o p o r t i o n a l  to  th e  change i n  f l i g h t  v e c t o r  d i r e c t i o n  r e q u i r e d  
to  make th e  a i r c r a f t  f l y  d i r e c t l y  tow ards th e  t a r g e t .  A sc h e m a tic  
d iagram  o f  th e  system  showing th e  r e l a t i o n s h i p  between th e  f l i g h t  
v e c t o r  o f  th e  a i r c r a f t  and th e  d i s p l a y  seen  by th e  p i l o t  i s  g iv e n  
in  F ig  7 .1
7 .2 .2  F l i g h t  V ec to r  re sp o n se  to  movement o f  th e  e l e v a t o r
The f i r s t  s t e p  in  u n d e r s ta n d in g  th e  f l i g h t  v e c t o r  e l e v a t i o n  
t r a c k in g  problem i s  t o  o b ta in  th e  a i r c r a f t  t r a n s f e r  f u n c t i o n  ( y / n ) .
S ince  y i s  a f u n c t io n  o f  th e  an g le  in c id e n c e  a ,  one must e x p re s s  th e  
change in  f l i g h t  v e c t o r  d i r e c t i o n  in  te rm s o f  th e  s t a t e  v a r i a b l e s  0 ,  
w, and u n o rm a l ly  used  in  th e  l o n g i tu d in a l  e q u a t io n s  o f  m o tion .
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Now th e  change in  th e  an g le  o f  in c id e n c e  a can be e x p re s se d  
in  te rm s o f  w by th e  e q u a t io n
a  = -  = w 7 .2 .2u
where w i s  th e  in c re m e n ta l  v e r t i c a l  v e l o c i t y  n o rm a l ise d  w ith  r e s p e c t  
t o  th e  fo rw ard  speed u .
Combining e q u a t io n s  7 .2 .2  and 7 . 2 . 1 ,  th e  r e q u i r e d  t r a n s f e r  
f u n c t io n  can be w r i t t e n  as
y 0 w 0 (s )  - W(s) ? 0
n = n " n ~ FCs)
where F (s )  and 0 (s )  a r e  th e  s t i c k  f ix e d  and p i t c h  a t t i t u d e  p o ly n o m ia ls  
p r e v io u s l y  d e f in e d  in  C hap te r  4. The rem a in in g  num era to r  po ly n o m ia l  W(s) 
was o b ta in e d  by s o lv in g  th e  lo n g i tu d in a l  e q u a t io n s  o f  m otion  f o r  th e  
r a t i o  (w/m) assuming t h a t  X(s) and Z (s) were z e ro .  Combining th e  
num era to r  po lynom ial i n  a s i n g l e  e x p re s s io n  r ( s ) ,  th e  f l i g h t  v e c t o r  
t r a n s f e r  f u n c t io n  becomes
X  _ r ( s )
n " F (s ) 7 .2
7 . 2 .3  The T rack ing  Problem
To o b ta in  some i n s i g h t  i n t o  th e  n a t u r e  o f  th e  t r a c k in g  p rob lem  
i t  i s  i n s t r u c t i v e  to  examine th e  f r e e  a i r c r a f t  r e sp o n s e  t o  movements 
o f  th e  e l e v a t o r .  The r e s u l t s  o f  e v a lu a t in g  th e  f l i g h t  v e c t o r ,  
i n c id e n c e ,  and p i t c h  a t t i t u d e  t r a n s f e r  f u n c t io n s  f o r  a t y p i c a l  a i r c r a f t  
were as  fo l lo w s
Y _ - 0 .2 7 8 (s + 0 . 0 2 0 2 ) (s + 1 6 . 0 7 ) (s - 13 .6 )  ^ 0
n = F (s )
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Fig 7.2 Aircraft responses to a typical pilot movement of the elevator.
a _ - 0 .2 7 8 (s + 2 0 5 ) ( s 2+ 0 .019s  + 0.000725)
n ~ F (s )
6 _ -5 6 .2 7 8 (s + 1 .08) (s + 0 .0 2 )  
n F(s)
where F (s )  = ( s 2 + 3 .9 6 s  + 15 .2 )  ( s 2 + 0 .2 s  + 0 .0 0 5 ) .
The a i r c r a f t  r e s p o n s e s  t o  a  t y p i c a l  p i l o t  movement o f  th e  
e l e v a t o r  a re  th e n  a s  shown in  F ig  7 .2 .
From th e s e  re s p o n s e s  i t  can  be seen  t h a t  th e  f l i g h t  v e c t o r
i n i t i a l l y  moves i n  th e  wrong d i r e c t i o n  when th e  p i l o t  moves th e
s t i c k .  In  most a i r c r a f t  th e  m agnitude o f  t h i s  e f f e c t  i s  v e ry  sm all
a l th o u g h  i t  can o f t e n  l a s t  as  i n  t h i s  case  f o r  about 0 .3 5  seco n d s .
F ly in g  acc o rd in g  to  t r u e  f l i g h t  v e c t o r  i s ,  t h e r e f o r e ,  v e ry  
d i f f e r e n t  from f ix e d  s i g h t  t r a c k in g  in  which th e  p i l o t  s im ply  
p o in t s  t h e  a i r c r a f t  i n  t h e  r e q u i r e d  d i r e c t i o n  by changing  i t s  p i t c h  
a t t i t u d e .  P i l o t s  t r a i n e d  on a t t i t u d e  c o n t r o l  w i l l  t h e r e f o r e  have a 
n a t u r a l  tendency  to  o v e r c o r r e c t  f o r  th e  e r r o r  in  Y. T h is  w i l l  th e n  
f o r c e  th e  p i l o t  to  u se  a h ig h  loop  g a in  which can r e s u l t  i n  th e  
induced  o s c i l l a t i o n .
The p i l o t s  d i f f i c u l t i e s  i n  c o n t r o l l i n g  f l i g h t  v e c t o r  can a l s o  
be a p p r e c ia te d  from th e  r o o t  lo c u s  p l o t  o f  th e  c o n t ro l  loop  shown 
in  F ig  7 .3 .
Assuming t h a t  th e  c o n t ro l  a c t i o n  o f  th e  p i l o t  can be d e s c r ib e d
1
by th e  t r a n s f e r  f u n c t io n
ELEVATOR
AIRCRAFT DYNAMICS
0.267  (s+16.07) ( s -1 3 .6 )
s ( s 2+ 3 .96s+ 15 , 2 )
Fig  7 .3  Human p i l o t  c o n t r o l  o f  a i r c r a f t  f l i g h t  p a th  y
r 12. :
7 .4  Root lo c u s  o f  th e  human p i l o t  f l i g h t  v e c t o r  c o n t r o l  system  
shown in  Fig 7 .3 .
(inc! ACTUATORPILOTHEAD UP DISPLAY
10.5
s+7(s+10) (s+15)
th e n  th e  r o o t  lo c u s  e q u a t io n  f o r  th e  s h o r t  term  s t a b i l i t y  o f  th e  
manual c o n t r o l  loop  becomes
. , Ke"0 ,2 s  (s + 0 .5 )  (s  + 16 .07) (s - 13 .61)
“  ' —  7
s ( s  + 1 0 ) ( s  + 15) (s + 7 ) ( s 2 + 3 .9 6 s  + 15 .2 )
Note t h a t  in  t h i s  case  we r e q u i r e  th e  0° lo c u s  due t o  th e  non-minimum 
phase  r e s p o n s e  o f  th e  a i r c r a f t  f l i g h t  p a th  t o  movements o f  th e  e l e v a t o r .
The r o o t  lo c u s  p l o t  g iv en  in  F ig  7 .4  c l e a r l y  shows th e  n a t u r e  o f  
th e  d i f f i c u l t i e s  ex p e r ie n c e d  by th e  p i l o t  d u r in g  e l e v a t i o n  t r a c k i n g .
In  t h i s  c a se  th e  b ran ch  o f  th e  lo cu s  from th e  s h o r t  p e r io d  a i r c r a f t  
p o le  P^, moves d i r e c t l y  i n t o  th e  r i g h t  hand h a l f  p la n e .
T rack ing  w i l l ,  t h e r e f o r e ,  be s u b je c t  t o  induced  o s c i l l a t i o n s  
s in c e  any in c r e a s e  in  loop  g a in  caused  by th e  p i l o t  w i l l  r e s u l t  in  
a d e c r e a s e  i n  th e  damping o f  th e  c lo se d  loop system . The r o o t  lo cu s  
n o t  o n ly  p ro v id e s  a q u a l a t a t i v e  e x p la n a t io n  o f  th e  problem  b u t  i t  
a l s o  e n a b le s  th e  d e s ig n e r  to  p r e d i c t  th e  freq u en cy  o f  th e  o s c i l l a t i o n  
and th e  g a in  used  by t h e . p i l o t .  For th e  p a r t i c u l a r  a i r c r a f t  co n ­
s id e r e d  h e re  f o r  i n s t a n c e ,  i t  can be seen  t h a t  t h e r e  w i l l  be a  3 .4  
r a d / s e c  o s c i l l a t i o n  i f  th e  p i l o t  u s e s  a g a in  = 30.
7 .3  Methods o f  Improving Perform ance
While we a r e  u n a b le  to  remove th e  p u re  tim e d e la y  o f  t h e  p i l o t  
i t  i s ,  however, p o s s i b l e  t o  c o n s id e ra b ly  improve th e  t r a n s i e n t  r e s p o n s e  
o f  th e  system  fo l lo w in g  th e  d e la y .  As shown in  C hap ter  4 t h i s  can be 
ach iev ed  by re s h a p in g  th e  p u re  tim e d e la y  r o o t  lo cu s  u n t i l  t h e  system  
has  w e ll  damped c lo se d  loop p o le s .
In  t h i s  case  t h e  main o b j e c t i v e  o f  re s h a p in g  th e  lo c u s  i s  t o  
f o r c e  th e  b ran ch e s  from th e  s h o r t  term  a i r c r a f t  p o le s  back i n t o  th e  
l e f t  hand h a l f  p la n e .  T h is  can be ach ieved  in  many ways some o f  which 
w i l l  now be c o n s id e re d .
7 .3 .1  M o d if ic a t io n  to  th e  A i r c r a f t  Dynamics
One v e ry  a t t r a c t i v e  s o l u t i o n  to  t h i s t problem would be t o  m odify  
t h e  f l i g h t  v e c t o r  re sp o n s e  o f  th e  a i r c r a f t  so  t h a t  i t  re sp o n d s  more 
r a p i d l y  t o  movements o f  f ie  e l e v a t o r .  T h is  can be ach iev ed  by f i t t i n g  
s p e c i a l  f l a p s  on th e  wings t o  en a b le  th e  p i l o t  t o  d i r e c t l y  c o n t r o l  th e  
l i f t .
T h is  would have th e  e f f e c t  o f  in t r o d u c in g  a  l a r g e  phase  advance 
i n t o  th e  c o n t r o l  loop  and would c o n s id e ra b ly  improve th e  s t a b i l i t y  
and perfo rm ance  o f  th e  c lo se d  loop  system .
U n fo r tu n a te ly  t h i s  m o d i f ic a t io n  i s  v e ry  ex p en s iv e  and a l s o  te n d s  
t o  deg rade  th e  f l i g h t  perfo rm ance  o f  th e  a i r c r a f t  i n  o th e r  m anoeuvres. 
I t  d o e s ,  however, become a p r a c t i c a l  s o l u t i o n  p ro v id ed  d i r e c t  l i f t  
c o n t r o l  i s  in c lu d e d  in  th e  i n i t i a l  d e s ig n .
7 .3 .2  Shaping th e  d e f l e c t i o n  o f  th e  aim ing  symbol i n  th e  
head up d i s p l a y
S ince  we a r e  u n ab le  to  modify th e  t r u e  f l i g h t  v e c t o r  r e s p o n s e  
o f  th e  a i r c r a f t ,  th e  on ly  a l t e r n a t i v e  i s  t o  modify th e  f l i g h t  v e c t o r  
re sp o n s e  seen  by th e  p i l o t  in  th e  head up d i s p l a y .  T h is  can  be 
ach iev ed  by shap ing  th e  s ig n a l  u sed  to  d e f l e c t  th e  aim ing symbol 
which w i l l  th e n  r e p r e s e n t  an a p p a re n t  change in  th e  a n g le  o f  
in c id e n c e  a ^ .  Hence th e  p i l o t  w i l l  see  an a p p a re n t  change i n  th e  
f l i g h t  v e c t o r  g iven  by
7.3.1
I t .  sh o u ld  be n o te d  t h a t  any form o f  s i g n a l  sh ap in g  w i l l ,  o f  
c o u r s e ,  in t r o d u c e  an e r r o r  i n  th e  p o s i t i o n  o f  th e  aim ing  symbol.
The form o f  sh ap in g  u sed  m ust ,  t h e r e f o r e ,  be chosen  t o  g iv e  o n ly  
a  sm a l l  e r r o r  which decays  t o  ze ro  as  r a p i d l y  as p o s s i b l e .  The 
o b j e c t  o f  sh ap in g  th e  r e s p o n s e  seen  by th e  p i l o t  i s  t o  g iv e  an 
i n i t i a l  movement o f  th e  aim ing mark tow ards th e  t a r g e t  when th e  
p i l o t  moves th e  s t i c k .  T h is  sh o u ld  r e s t o r e  h i s  i n h e r e n t  a n t i c i p a ­
t i o n  and e n ab le  him to  b r in g  th e  aim ing mark more sm ooth ly  i n t o  
t h e  d e s i r e d  f l i g h t  p a th .
The s im p le s t  way t o  s a t i s f y  t h e s e  r e s t r i c t i o n s  and a l s o  
in t r o d u c e  phase  advance i n t o  th e  f l i g h t  v e c t o r  c o n t r o l  loop 
i s  t o  l a g  th e  d e f l e c t i o n  o f  th e  aim ing symbol to  g iv e  an a p p a re n t  
change in  th e  an g le  o f  in c id e n c e  o f
a .  $
“a = (s+e)
T his  form o f  com pensa tion  a l s o  has  th e  a d v an tag e  o f  r e d u c in g  th e  
n o i s e  in  t h e  loop  and a b lo c k  d iagram  o f  th e  p roposed  system  i s  
shown i n  F ig  7 .5 .
7 .4  Human P i l o t  C o n tro l  o f  A pparent F l i g h t  V ec to r
7 .4 .1  A pparen t f l i g h t  v e c t o r  r e s p o n se  o f  th e  a i r c r a f t  to  
movements o f  th e  e l e v a t o r
In  o r d e r  to  u se  r o o t  lo c u s  methods for- th e  o p t i m i s a t i o n  o f  th e  
p ro p o sed  in c id e n c e  la g  com pensated system  i t  must f i r s t  be red u ce d  
to  an e q u iv a le n t  s i n g l e  loop  feed b ack  system  as shown i n  F ig  7 .6 .  
The a n a l y s i s  o f  th e  e q u i v a le n t  system  th e n  r e q u i r e s  th e  a p p a re n t  
f l i g h t  v e c t o r  r e s p o n se  o f  th e  a i r c r a f t  which can be o b ta in e d  as
HEAD UP DISPLAY STICK ELEVATOR
ye AIRCRAFTPILOT ACTUATOR
Fig  7 .5  Proposed In c id e n c e  Lag Compensation f o r  Human P i l o t  C o n tro l  o f  A i r c r a f t  
F l i g h t  P a th .
PILOT ACTUATOR
- 0 .2 s (s+0 .5) 10 .5ye
(s+10) (s+15) (s+7)
APPARENT AIRCRAFT DYNAMICS
54 (s+ 0 .0 5 ± jc )  
s ( s + 3 ) ( s 2 +3.96s+15)
Fig  7 .6  S in g le  loop e q u iv a le n t  o f  th e  in c id e n c e  la g  compensated system .
5
4
3
2
1
0 10 20
Fig  7 .7  V a r ia t io n  o f  th e  a p p a re n t  a i r c r a f t  z e ro s  as  a f u n c t i o n  o f  th e  
com pensation  p o le  3.
Combining e q u a t io n s  7 .3 .1  and 7 .3 .2  g iv e s
YA _ -K (s+ a ) (s+ b ± jc )
7.4.1n n (s+g) n
which can be w r i t t e n  i n  te rm s o f  th e  a u th o rs  a i r c r a f t  po lynom ia ls  
F ( s ) ,  0 ( s )  and w(s) a s  fo l lo w s
YA _ (s+g) 6 (s)  -g .W (s) 7 4 2
n " • (s+g) F (s)  * ‘
E v a lu a t in g  t h i s  e x p re s s io n  f o r  v a lu e s  o f  g in  th e  ra n g e  1 to  20 
i t  was found t h a t  th e  t r a n s f e r  f u n c t io n  cou ld  be w r i t t e n  i n  
th e  form
7 .4 .3n (s+g) ( s 2 + 3 .96s + 1 5 . 2 ) ( s 2+ 0 .0 2 s+ 0 .005)
where K = 54, a  = 0 .0 2 ,  b = 0 .0 5 ,  and c v a r i e s  w ith  g as  
shown i n  F ig  7 .7 .
Hence th e  s h o r t  te rm  re sp o n s e  o f  th e  a i r c r a f t  i s  t h e r e f o r e  
g iv e n  by
U  = -5 4 (s + 0 .0 5 ± jc )  1 A A
n s ( s + g ) ( s 2+3 .96s+15 .2 )
7 . 4 .2  Root Locus O p t im is a t io n  o f  th e  C o n tro l  Loop
The r o o t  lo c u s  e q u a t io n  f o r  th e  a p p a re n t  f l i g h t  v e c t o r  c o n t r o l  
loop  shown in  F ig  7 .6  i s  g iv en  by
_1= K e ~ ° -2 s (s  + 0 . 5 H s  + 0 .0 5  ± j c l __________________  7<4 5
s ( s + 1 0 ) ( s  + 15) (s  + 7 ) ( s  + g ) ( s 2 + 3 .9 6 s  + 1 5 .2 )
and when p l o t t e d  f o r  th e  case  g = 10, th e  lo c u s  i s  as  shown in
Fig 7.8.
Fig 7.8 Apparent Flight Vector System for 8 = 10.
h t x
Fig  7 .9  A pparent F l i g h t  V ec to r  System f o r  8 = 5 .
From t h i s  p l o t  i t  can be seen  t h a t  in c id e n c e  la g  com pensation  
p roduces  a d ra m a t ic  improvement i n  t h e  damping o f  th e  s h o r t  p e r io d  
c lo se d  loop p o le s  f o r  normal p i l o t  g a in s  in  th e  range  (10 > Kp > 1 ) .  
There i s  a l s o  a  c o n s id e r a b le  improvement i n  th e  maximum g a in  t h a t  
he can u se  b e f o r e  th e  c o n t r o l  loop  becomes u n s t a b l e .
In  o r d e r  t o  t e s t  t h e  e f f e c t  o f  v a ry in g  th e  t im e  c o n s ta n t  o f  
t h e  la g  com pensa tor ,  t h e  lo c u s  was a l s o  p l o t t e d  f o r  th e  c a se  when 
8 = 5  as  shown in  F ig  7 .9 .  T h is  p l o t  a l s o  shows a c o n s id e r a b le  
improvement i n  th e  damping o f  th e  s h o r t  p e r io d  c lo se d  loop  p o l e s .  
A nother i n t e r e s t i n g  f e a t u r e  o f  t h i s  lo cu s  i s  th e  s e t - o f f  d i r e c t i o n  
o f  th e  b ran ch  from th e  a i r c r a f t  p o le  P I .  Comparison o f  t h i s  d i r e c ­
t i o n  w i th  t h a t  f o r  t h e  c a se  when 8 = 10, s u g g e s ts  t h a t  t h e r e  must 
be a v a lu e  o f  8 which p roduces  th e  maximum p e n t r a t i o n  o f  th e  a i r ­
c r a f t  p o le  b ran ch  i n t o  th e  l e f t  hand h a l f  p la n e .
In  o rd e r  t o  o b ta in  th e  optimum v a lu e  o f  8 , a com plete  fa m i ly  
o f  l o c i  were th e n  p l o t t e d  as  shown in  F ig  7 .1 0 .  From th e s e  l o c i  
t h e  v a lu e  o f  8 f o r  maximum improvement in  t h e  damping o f  th e  s h o r t  
p e r io d  c lo s e d  loop p o le s  i s  seen  to  be 5 .5 ,  which c o r re sp o n d s  t o  
an in c id e n c e  la g  tim e c o n s ta n t  o f  180 m i l l i s e c o n d s .
7 .4 .3  The e f f e c t  on perfo rm ance  o f  u s in g  n o n - l i n e a r  
s t i c k  to  e l e v a t o r  g e a r in g
The r o o t  lo c u s  f o r  th e  case  8 = 5  c l e a r l y  shows t h a t  a f u r t h e r  
improvement i n  perfo rm ance  i s  p o s s i b l e  i f  we can encourage t h e  p i l o t  
t o  re d u c e  th e  loop g a in .
T y p ica l  f l i g h t  r e c o r d s  show t h a t  d u r in g  la n d in g  th e  p i l o t  
t r i e s  t o  remove th e  f i n a l  1° o f  e r r o r  a t  a maximum r a t e  o f  1° p e r  
second . From th e  f l i g h t  v e c to r  re sp o n s e  shown in  F ig  7 .2  t h i s  
r a t e  co r re sp o n d s  t o  a  0 .2 5 °  e l e v a t o r  d e f l e c t i o n  which i s  e q u i v a l e n t
Urr
b* i:o
Fig  7 .10  The e f f e c t  on t h e  dominant s h o r t  p e r io d  mode o f  
v a ry in g  th e  la g  com pensa tion  i n  t h e  ran g e  3 = 1 t o  3 = 10.
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F ig  7 .11 Proposed n o n - l i n e a r  s t i c k  t o  e l e v a t o r  g e a r in g  
t o  ach iev e  a f u r t h e r  improvement i n  c lo se d  
loop  perfo rm ance .
a  s t i c k  movement o f  0 .1 6 " .  He t h e r e f o r e  t y p i c a l l y  u s e s  a  g a in  o f
0 .1 6 ” o f  s t i c k  p e r  d eg ree  v i s u a l  e r r o r  which co rresp o n d s  to  a v a lu e  
o f  Kp = 10.
D e sp i te  th e  undoubted s k i l l  o f  t h e  p i l o t ,  t h e s e  sm a l l  s t i c k  
movements i n d i c a t e d  t h a t  he has red u ced  th e  loop  g a in  as  f a r  as 
p o s s i b l e  w ith  th e  p r e s e n t  system . Any f u r t h e r  red u c t io n  must t h e r e ­
f o r e  be made by re d u c in g  th e  s t i c k  to  e l e v a t o r  g e a r in g .
The s t i c k  t o  e l e v a t o r  g e a r in g  i s  n o rm a lly  chosen so t h a t  th e  
f u l l  s t i c k  movement (±4M) p roduces  a change in  th e  e l e v a t o r  an g le  
o f  ±6°. T h is  a s s u r e s  t h a t  even d u r in g  a la n d in g  approach  th e  
p i l o t  i s  a b le  t o  change th e  f l i g h t  v e c t o r  d i r e c t i o n  a t  a  r a t e  o f  
2 0 ° /s e c  i n  o rd e r  to  p u l l  th e  a i r c r a f t  o u t  o f  a d iv e .
These c o n f l i c t i n g  re q u ire m e n ts  c o u ld ,  however, be r e a d i l y  o v e r  
come i f  th e  a i r c r a f t  m a n u fa c tu re r s  would on ly  adopt some form o f  
n o n - l i n e a r  g e a r in g  such as  t h a t  shown in  F ig  7 .1 1 .  T h is  would th e n  
g iv e  a  c o n s id e r a b le  improvement i n  perfo rm ance  even w ith o u t  th e  
in c id e n c e  la g  com pensa tion .
7 .5  S im u la to r  v e r i f i c a t i o n  o f  th e  r o o t  lo c u s  d e s ig n
Unknown t o  th e  a u th o r ,  t h e  Royal A i r c r a f t  E s ta b l is h m e n t  a t  
Farnborough had a l s o  been asked  t o  t r y  and improve th e  e l e v a t i o n  
t r a c k in g  perfo rm ance  o f  th e  same a i r c r a f t  under th e  same s e t  o f  
f l i g h t  c o n d i t i o n s .  They c o n s t r u c t e d  a model o f  th e  a i r c r a f t  cock ­
p i t  and s im u la te d  th e  aerodynam ics u s in g  an analogue  com puter.
The s im u la to r  was th e n  flown by a t e s t  p i l o t  who t r i e d  t o  a l i g n  
th e  aim ing  symbol in  th e  head up d i s p l a y  w ith  a runway seen  on a 
f i lm  p r o j e c t e d  in  f r o n t  o f  th e  w in d sc reen .
^  a. xtj^uxu u i  Lneijt: te b ib  x l  was rouna m a r  z n e  most p r a c t i c a l  
e n g in e e r in g  s o l u t i o n  t o  th e  t r a c k in g  problem  was to  la g  th e  d e f l e c ­
t i o n  o f  th e  aim ing mark seen  i n  th e  head up d i s p l a y .  I t  was a l s o  
e s t a b l i s h e d  t h a t  th e  p i l o t  showed a s t ro n g  p r e f e r e n c e  f o r  in c id e n c e  
la g  t im e  c o n s ta n t s  i n  th e  ran g e  170 t o  200 m i l l i s e c o n d s  and chose 
185 m i l l i s e c o n d s  as  th e  optimum v a lu e .
7 .6  Summary
The a u th o r  has  shown t h a t  i t  i s  now p o s s i b l e  t o  u se  r o o t  lo c u s  
te c h n iq u e s  f o r  th e  d e s ig n  o f  improved man-machine c o n t ro l  sy s tem s .  
A lthough th e  a n a l y s i s  has been r e s t r i c t e d  to  a s p e c i f i c  a i r c r a f t  
c o n t r o l  lo o p ,  th e  g e n e r a l i t y  o f  th e  method makes i t  s u i t a b l e  f o r  
th e  s o l u t i o n  o f  many s i m i l a r  problem s a r i s i n g  in  th e  f i e l d  o f  
c y b e r n e t i c s .
The rem arkab le  agreem ent between th e  s im u la to r  r e s u l t s  and 
th o s e  p r e d i c t e d  by th e  r o o t  lo c u s  a n a l y s i s  n o t  on ly  e s t a b l i s h  t h e  
v a l i d i t y  o f  th e  d e s ig n  p ro c e d u re  b u t  a l s o  p ro v id e s  a d d i t i o n a l  
c o n f i rm a t io n  o f  th e  acc u racy  o f  th e  human p i l o t  t r a n s f e r  f u n c t i o n .
CHAPTER 8
DISCUSSION AND CONCLUSIONS
The r o o t  lo c u s  method i s  a p ow erfu l d e s ig n  t o o l  which has  many 
advan tages  compared w ith  th e  f req u en cy  re sp o n se  te c h n iq u e s  o f  N yqu is t  
and Bode. I t  a p p l i e s  d i r e c t l y  to  sampled d a t a ,  p u re  t im e  d e l a y ,  and 
d i s t r i b u t e d  p a ra m e te r  sy s tem s; and can  a l s o  be used  to  d e s ig n  improved 
man-machine c o n t r o l  sy s tem s .
The c o m p a ra t iv e ly  slow developm ent o f  r o o t  locus- t e c h n iq u e s  has 
been due to  t h e  t im e  and e f f o r t  r e q u i r e d  t o  o b ta in  a s k e tc h  o f  th e  lo c u s .  
A lthough r u l e s  e x i s t  f o r  c o n s t r u c t i n g  th e  l o c u s ,  i t  has  been  found t h a t  
th e y  f a i l  to  show how th e  many d i f f e r e n t  forms depend on th e  p o s i t i o n s  
o f  i t s  p o le s  and z e ro s .  The a n a l y t i c a l  d a t a  r e q u i r e d  t o  o b t a i n  t h i s  
in fo rm a t io n  has  now been p roduced  f o r  many s im p le  system s which o ccu r  
f r e q u e n t ly  i n  e n g in e e r in g  d e s ig n .  Using t h e s e  r e s u l t s  th e  d e s ig n e r  can  
now i d e n t i f y  th e  g e n e ra l  shape o f  th e  r o o t  lo c u s  d i r e c t l y  from th e  
r e l a t i v e  p o s i t i o n s  o f  th e  open loop  p o le s  and z e ro s .
I t  has  a l s o  been found t h a t  a  s u i t a b l e  c h o ic e  o f  n o rm a l i s in g  
f a c t o r s  f o r  s im ple  p o le - z e r o  p a t t e r n s  can o f t e n  le a d  t o  th e  d i s p l a y  
o f  a l l  p o s s i b l e  forms o f  t h e i r  r o o t  l o c i  on a s i n g l e  map. T h is  new 
co n ce p t in  r o o t  lo c u s  to p o lo g y  has been  i l l u s t r a t e d  i n  C h ap te r  2 f o r  
th e  r o o t  lo c u s  o f  fo u r  p o le  s y s te m s .
I n v e s t i g a t i o n s  i n t o  th e  a n a l y t i c a l  p r o p e r t i e s  o f  s im p le  l o c i  have 
r e v e a le d  many lo c u s  shapes  which were p r e v io u s ly  unknown and t h e s e  have 
been c o n s id e re d  in  r e l a t i o n  t o  th e  c o r re sp o n d in g  new forms o f  c lo s e d  
loop  r e s p o n s e .  Of p a r t i c u l a r  i n t e r e s t  were t h e  lo c u s  shapes  which 
enab led  th e  d e s ig n e r  t o  p la c e  th e  c lo s e d  loop  p o le s  a t  th e  C o f  G o f  th e  
open loop  p o le - z e r o  p a t t e r n .  These system s were found t o  have v e ry
u nusua l forms o f  c lo s e d  loop r e sp o n s e  which in  some c a s e s  were s u p e r io r  
t o  s ta n d a rd  c lo s e d  loop  d e s ig n s .
A d e t a i l e d  s tu d y  o f  t r a n s i t i o n a l  r o o t  l o c i  showed t h a t  t h e  r a d i c a l  
change i n  lo cu s  shape i s  n o t  a s s o c i a t e d  w ith  a c o r re s p o n d in g  r a d i c a l  
change i n  th e  n a tu re  o f  th e  c lo s e d  loop  r e s p o n s e .  Although t h e r e  i s  
a  m a jo r  r e d i s t r i b u t i o n  o f  c lo s e d  loop  p o le s  in  t h i s  c a s e ,  t h e  shape 
t r a n s i t i o n  g iv e s  r i s e  t o  an e q u iv a le n t  c lo se d  loop system  which has  an 
a lm o s t i d e n t i c a l  t im e  r e s p o n s e .
S ince  many d i f f e r e n t  p o le - z e r o  p a t t e r n s  can g iv e  r i s e  t o  a  v e ry  
s i m i l a r  t im e  r e s p o n s e ,  i t  i s  u n l i k e l y  t h a t  any g e n e ra l  r e l a t i o n s h i p  
w i l l  be  found between lo c u s  shape  and c lo s e d  loop  p e rfo rm a n ce .  A 
s tu d y  o f  th e  lo c u s  shapes  o f  system s up to  4 th  o rd e r  d id  however show 
t h a t  (1) a Binomial re sp o n s e  i s  p o s s i b l e  o n ly  f o r  l o c i  which c o in c id e  
w ith  t h e i r  asym pto tes  and (2) th e  s ta n d a rd  c lo s e d  loop  r e s p o n s e s  o f  
a  system  such as  ITAE, B u t te rw o r th ,  e t c .  a r e  each a s s o c i a t e d  w i th  th e  
same genera l shape o f  i t s  r o o t  lo c u s .
I t  was a l s o  found t h a t  o th e r  r e l a t i o n s h i p s  between lo c u s  shape 
and c lo se d  loop perform ance  e x i s t  f o r  some o f  t h e  im p o r ta n t  low o r d e r  
system s which o ccu r  i n  e n g in e e r in g  d e s ig n .  These r e s u l t s  a r e  summarised 
i n  g lo b a l  perfo rm ance  maps g iven  in  C h ap te r  2.
For system s above 4 th  o rd e r  th e  a n a l y t i c a l  r e l a t i o n s h i p  betw een 
lo c u s  shape and p o le - z e r o  p a t t e r n  a r e  g e n e r a l ly  f a r  too  c o m p lic a te d  t o  
be o f  any p r a c t i c a l  u se  f o r  s k e tc h in g  th e  shape o f  t h e  r o o t  l o c u s .  In 
such c a s e s  i t  has been found t h a t  th e  lo cu s  i s  more e a s i l y  o b ta in e d  
u s in g  some form o f  com puter program o r  a u to m a tic  r o o t  lo c u s  p l o t t e r .
A d e t a i l e d  s tu d y  o f  t h e  methods which were a v a i l a b l e  f o r  p l o t t i n g  
r o o t  l o c i  showed t h a t  th e y  a l l  had v e ry  s e r io u s  l i m i t a t i o n s  and cou ld  n o t
be used  t o  ex tend  th e  te c h n iq u e s  o f  r o o t  lo c u s  d e s ig n .  In  p a r t i c u l a r  
th e y  were u n ab le  t o  g ive  th e  c o r r e c t  lo c u s  shape in  re g io n s  o f  h igh  
s e n s i t i v i t y  such as b re a k  p o i n t s ,  o r  t o  p l o t  t h e  b ran ch es  o f  p u re  tim e 
l o c i  which do n o t  s t a r t  on an open loop p o le .
The a u t h o r ' s  new com puter program has  overcome th e s e  d i f f i c u l t i e s  
and can a l s o  be used  to  p l o t  th e  l o c i  o f  system s w ith  p u re  t im e  d e la y  
a n d /o r  d i s t r i b u t e d  la g .  The a lg o r i th m  i s  v e ry  r a p i d l y  co n v e rg e n t  and 
has  been  found t o  ta k e  an av e rag e  o f  l e s s  th a n  two com puta tions  p e r  
p o in t  to  compute th e  lo c u s  t o  a phase  acc u racy  b e t t e r  th a n  20 seconds 
o f  a r c .
The need f o r  such h igh  acc u racy  a r i s e s  f r e q u e n t ly  i n  r o o t  lo c u s  
p l o t t i n g .  I t  o ccu rs  f o r  example a t  b reak  p o in t s  and p o in t s  on th e  
lo c u s  n e a r  t o  m u l t i p l e  c lo se d  loop p o le s .  An example o f  th e  e r r o r  i n  
lo c u s  shape which can a r i s e  due t o  phase  e r r o r  i s  w e ll  i l l u s t r a t e d  
in  th e  r e g io n  o f  th e  t r i p l e  c lo s e d  loop  p o le  o f  t h e  phase  a n g le  l o c i  
shown i n  F ig  3 .2 .
The a b i l i t y  o f  t h e  new a lg o r i th m  to  l o c a t e  b reak  p o i n t s  w i th  v e ry  
h igh  a c c u racy  now en a b le s  r o o t  lo cu s  methods t o  be used  i n  r e v e r s e  t o  
f a c t o r i s e  po lynom ia ls  which have one o r  more r e p e a te d  r o o t s .  A compar­
i s o n  o f  th e  new method w ith  c l a s s i c a l  curve  fo l lo w in g  te c h n iq u e s  shows 
t h a t  i t s  su c c e s s  i s  due t o  i t s  s i m p l i c i t y  and i t s  a b i l i t y  t o  t a k e  a d v a n t ­
age o f  e x p e r ie n c e  ga in ed  a t  p re v io u s  p o in t s  on th e  l o c u s .
I t  has  been found t h a t  th e  a lg o r i th m  a p p l i e s  e q u a l ly  w e ll  t o  many 
o th e r  c o n to u rs  a p a r t  from r o o t  l o c i .  I t  h a s ,  f o r  example been u sed  to  
p l o t  c o n s ta n t  g a in  c o n to u r s .  These a re  a p a r t i c u l a r l y  u s e f u l  a d d i t i o n  
to  normal r o o t  lo c u s  p l o t s  s in c e  th e y  e n a b le  t h e  d e s ig n e r  t o  o b t a i n  th e  
p o s i t i o n  o f  th e  c lo se d  loop  p o le s .  The te c h n iq u e  cou ld  be f u r t h e r  
ex tended  to  p l o t  s t ream  f u n c t io n s  i n  hydrodynamics o r  e q u i p o t e n t i a l s  i n  
e l e c t r o s t a t i c s .
The s i g n i f i c a n t  ad v an tag es  o f  t h e  new a lg o r i th m  have now made i t  
p r a c t i c a l  to  deve lop  a low c o s t  (£1500) Hybrid Computer c a p a b le  o f  
d i s p l a y in g  r o o t  l o c i  on a CRO. T his  com puter i s  a t  p r e s e n t  b e in g  b u i l t  
i n  th e  Departm ent by Mr. L. S. A Mansi who h o ld s  j o i n t  p a t e n t s  on th e  
machine w i th  th e  a u th o r  and P r o f e s s o r  W. F. L overing .
E x te n s io n  o f  a u to m a tic  p l o t t i n g  to  p u re  tim e d e la y  system s has 
now made i t  p o s s i b l e  t o  p r e d i c t  t h e i r  c lo s e d  loop  t r a n s i e n t  r e s p o n s e  
d i r e c t l y  from th e  r o o t  lo c u s .  This  a c o n s id e r a b le  improvement on 
p re v io u s  methods i n  which th e  e f f e c t  o f  th e  d e la y  had t o  be r e p r e s e n t e d  
by p o le - z e r o  p a t t e r n s  o b ta in e d  from t r u n c a t e d  s e r i e s  a p p ro x im a t io n s .
The s u c c e s s  o f  th e  r o o t  lo c u s  method i n  t h i s  c a se  i s  due to  t h e  f a c t  
t h a t  i t  g iv e s  th e  t r u e  c lo s e d  loop  p o le s  o f  th e  system  and makes no 
a t te m p t  t o  p r e d i c t  th e  re sp o n s e  p r i o r  t o  th e  d e la y .
I t  has  been  shown t h a t  pu re  tim e d e la y  r o o t  l o c i  can  a l s o  be 
used  i n  c o n ju n c t io n  w ith  th e  measured c lo s e d  loop  re sp o n s e  o f  a  system  
in  o rd e r  t o  i d e n t i f y  i t s  open loop dynam ics. This  u s e f u l  e x t e n s io n  
t o  r o o t  lo c u s  has been used  t o  i d e n t i f y  human p i l o t  t r a n s f e r  f u n c t i o n s  
from a i r c r a f t  f l i g h t  r e c o r d s .
An i n v e s t i g a t i o n  i n t o  th e  p r e s e n t  methods a v a i l a b l e  f o r  im proving  
th e  perfo rm ance  o f  p u re  t im e  d e la y  system s has  shown t h a t  th e y  do n o t  
remove th e  d e la y  in  th e  o u tp u t ,  b u t  s im ply  t r y  t o  e l im in a te  i t s  
d e s t a b i l i s i n g  e f f e c t  on t h e  c lo s e d  loop  system . The main d i s a d v a n ta g e  o f  
th e s e  methods i s  t h a t  th e y  r e l y  on e x a c t  p o le - z e r o  c a n c e l l a t i o n  and can  
a l s o  g r e a t l y  in c r e a s e  th e  s te a d y  s t a t e  e r r o r  a r i s i n g  from e x t e r n a l  
d i s tu r b a n c e s  a p p l ie d  to  th e  system .
S ince  th e  e f f e c t  o f  a pu re  t im e  d e la y  canno t be removed from th e  
o u tp u t ,  t h e  b e s t  t h a t  can be ach ieved  i s  t o  d e s ig n  th e  system  t o  have 
a d e s i r e d  c lo s e d  loop t r a n s i e n t  r e sp o n s e  w i th o u t  i n c r e a s in g  th e  s t e a d y  - 
s t a t e  e r r o r .
The a b i l i t y  to  p l o t  th e  0° pu re  t im e  d e la y  r o o t  lo c u s  now e n a b le s  
th e  d e s ig n e r  t o  s p e c i f y  a c lo s e d  loop p o le - z e r o  p a t t e r n  which g iv e s  
a  d e s i r e d  r e s p o n s e ,  and th e n  o b ta in  t h e  c o r re sp o n d in g  open loop  system  
d i r e c t l y  from th e  r o o t  lo c u s .  This  e x te n s io n  to  th e  r o o t  lo cu s  method 
has been  i l l u s t r a t e d  in  C hap te r  4 f o r  a  t h i r d  o rd e r  type  1 system  which 
was r e q u i r e d  t o  have th e  f a s t e s t  p o s s i b l e  c lo s e d  loop s t e p  re s p o n se  
fo l lo w in g  th e  d e la y .
To v e r i f y  th e  in v e r s e  r o o t  lo c u s  d e s ig n  p ro c e d u re  i t  became 
n e c e s s a ry  t o  o b ta in  a c c u r a te  t im e  domain re s p o n s e s  o f  p u re  t im e  d e la y  
sy s tem s. A s tu d y  o f  th e  a v a i l a b l e  s im u la t io n  tech n iq u es  showed t h a t  
th e y  co u ld  n o t  be u sed  f o r  t h i s  pu rpose  s in c e  th e y  r e q u i r e  t h e  system  
to  be ex p re s se d  as a s e t  o f  f i r s t  o rd e r  d i f f e r e n t i a l  e q u a t io n s .
A new language has  been developed  which overcomes t h e s e  d i f f i c u l t i e s  
and a l s o  a p p l i e s  t o  th e  s im u la t i o n  o f  sampled d a t a  sy s tem s . I t  has  been 
e x t e n s i v e ly  t e s t e d  on l a r g e  s c a le  i n d u s t r i a l  problem s and has  been  
found to  have many advan tages  over  o th e r  h igh  l e v e l  languages  a t  p r e s e n t  
b e in g  u sed  f o r  system  s im u la t i o n .
The speed and a c c u racy  o f  th e  new a u to m a tic  p l o t t i n g  p ro c e d u re  has  
now made i t  f e a s i b l e  t o  u se  r o o t  lo c u s  methods f o r  th e  a n a l y s i s  o f  
h ig h  o rd e r  m u l t i lo o p  sy s tem s. An example o f  t h i s  improved c a p a b i l t i t y  
i s  g iven  in  C hap te r  5 i n  which a g e n e r a l i s e d  p o le - z e r o  method i s  
developed  f o r  th e  d es ig n  o f  a i r c r a f t  c o n t r o l  sy s tem s . When u sed  i n  
c o n ju n c t io n  w ith  th e  a u t h o r ' s  com puter program  i t  has been  found t h a t  
s u i t a b l e  c o n t r o l  laws can now be o b ta in e d  f o r  a t y p i c a l  a i r c r a f t  i n  
ap p ro x im a te ly  15 m in u te s .  This  compares v e ry  fa v o u ra b ly  w ith  p r e v io u s  
methods which employed manual r e - s h a p in g  o f  th e  a i r c r a f t  N ich o ls  p l o t  
and took  an y th in g  up to  s e v e r a l  man-months.
This e x te n s io n  t o  th e  r o o t  lo c u s  c a p a b i l i t y  has been used  s u c c e s s f u l l y  
t o  d e s ig n  improved a u t o p i l o t s  f o r  s e v e r a l  a i r c r a f t .  F l i g h t  t r i a l s  o f  
t h e s e  a i r c r a f t  have  shown t h a t  th e  d e s ig n  te c h n iq u e  g iv e s  s a t i s f a c t o r y  
c o n t ro l  laws and th e  method has  now been adopted  by s e v e r a l  a u t o p i l o t  
m a n u fa c tu re r s  and government r e s e a r c h  e s t a b l i s h m e n t s .
Combining t h i s  p o le - z e r o  method w ith  th e  a u t h o r ' s  work on t im e  
d e la y  system s i t  became p o s s i b l e  t o  ex ten d  r o o t  lo c u s  te c h n iq u e s  t o  
o b ta in  human p i l o t  t r a n s f e r  fu n c t io n s  from m easured f l i g h t  r e c o r d s .
V arious  methods o f  r e p r e s e n t in g  th e  c o n t r o l  a c t i o n  o f  th e  p i l o t  were 
c o n s id e re d  and i t  was found t h a t  th e  l i n e a r  co n t in u o u s  model was th e  
most s u i t a b l e  form f o r  p a ra m e te r  i d e n t i f i c a t i o n .  A lthough th e  p i l o t  
t r a n s f e r  f u n c t io n  o b ta in e d  w i l l  o n ly  be v a l i d  f o r  a s p e c i f i e d  s e t  o f  
f l i g h t  c o n d i t i o n s ,  th e  method could  be used  t o  s tu d y  th e  v a r i a t i o n  o f  
p i l o t ' s p a r a m e t e r s  th ro u g h o u t  th e  com ple te  f l i g h t  enve lope .  When a p p l ie d  
to  a  p a r t i c u l a r  a i r c r a f t  i t  was found t h a t  th e  method n o t  o n ly  gave a 
good q u a l i t a t i v e  e x p la n a t io n  o f  t h e  p i l o t s  c o n t r o l  a c t i o n  b u t  i t  was 
a l s o  s u c c e s s f u l  i n  p r e d i c t i n g  th e  f req u en cy  o f  th e  p i l o t  induced  
o s c i l l a t i o n  d u r in g  e l e v a t i o n  t r a c k i n g .
Having e s t a b l i s h e d  a r e l i a b l e  p i l o t  t r a n s f e r  f u n c t io n  i t  became 
p o s s i b l e  t o  ex tend  r o o t  lo c u s  methods to  th e  d e s ig n  o f  an improved 
p i l o t - a i r c r a f t  c o n t r o l  lo o p .  For th e  p a r t i c u l a r  a i r c r a f t  c o n s id e re d  
th e  r o o t  lo c u s  p l o t s  showed a c l e a r  optimum f o r  th e  com pensa tion  
f u n c t io n  p a ra m e te rs  r e q u i r e d  t o  improve th e  c lo s e d  loop p e r fo rm a n ce .
The r e q u i r e d  com pensa tion  and i t s  optimum p a ra m e te rs  have been  co n ­
f irm ed  u s in g  normal s im u la t io n  te c h n iq u e s  a t  RAE, Farnborough.
The a b i l i t y  to  o b ta in  t h e s e  r e s u l t s  d i r e c t l y  from r o o t  lo c u s  
a n a l y s i s  shou ld  c o n s id e r a b ly  red u ce  th e  c o s t  o f  f u tu r e  developm ent o f  
manual a i r c r a f t  c o n t r o l  sy s tem s .
A lthough th e  a n a l y s i s  has  been  r e s t r i c t e d  to  a  s p e c i f i c  a i r c r a f t  
c o n t r o l  lo o p ,  th e  g e n e r a l i t y  o f  th e  method w i l l  now en ab le  r o o t  lo cu s  
te c h n iq u e s  to  be used  t o  improve th e  d e s ig n  o f  many s i m i l a r  man-machine 
c o n t r o l  sy s tem s .
The f u t u r e  developm ent o f  th e  r o o t  lo c u s  method l i e s  i n  th e  f u r t h e r  
a p p l i c a t i o n  o f  i t s  com puter a id e d  d e s ig n  c a p a b i l i t y .  I t  w i l l  soon 
become p o s s i b l e  t o  d i s p l a y  th e  l o c i  on CRO t e r m in a l s  a t t a c h e d  t o  th e  
com puter. Using t h i s  f a c i l i t y  t o g e t h e r  w ith  o t h e r  s t o r e d  program s 
such as th e  tim e domain s im u la t io n  language  i t  shou ld  be p o s s i b l e  to  
f u l l y  e x p l o i t  th e  e x te n s io n s  t o  th e  b a s i c  r o o t  lo c u s  methods g iv e n  i n  
t h i s  t h e s i s .  I t  i s  hoped t h a t  such f a c i l i t i e s  w i l l  f u r t h e r  encourage  
d e s ig n e r s  to  u se  r o o t  lo cu s  methods in  c o n t r o l  system  d e s ig n .
A f r T f c N U l A  A J L
The Author's Digital Simulation Language
A1 I n t r o d u c t io n
Many d i g i t a l  s im u la t io n  languages  have been developed  r e c e n t l y  
most n o te a b le  o f  which a r e  C.S.M.P. (37), A .P .S .E .  (38), and
F . I . F . I .  (39). U n fo r tu n a te ly  th e s e  programs a r e  v e ry  e x p en s iv e  and 
a re  n o t  a t  p r e s e n t  a v a i l a b l e  i n  th e  c o l l e g e  computer l i b r a r y .  Most 
o f  t h e s e  languages  employ h ig h  o r d e r  R unge-K utta  i n t e g r a t i o n  
a lg o r i th m s  and a re  u n s u i t a b l e  f o r  th e  s im u la t io n  o f  system s which 
in c lu d e  p u re  t im e  d e la y .  They a l s o  have th e  s e r io u s  d is a d v a n ta g e  
t h a t  th e  system  t o  be s im u la te d  must f i r s t  be e x p re s sed  as a  s e t  o f  
f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t io n s .
S in ce  a c c u r a te  t im e  re s p o n s e s  a r e  r e q u i r e d  f o r  many system s 
c o n s id e re d  in  t h i s  t h e s i s ,  t h e  a u th o r  developed  a new language  i n  
which each b lo c k  o f  th e  system  i s  s im u la te d  d i r e c t l y  i n  a s i m i l a r  
manner t o  th e  method used  on an analogue  com puter.
Each b lo c k  o r  t r a n s f e r  f u n c t io n  i s  r e p r e s e n t e d  by an A lgo l 
P rocedu re  and th e  b lo c k s  a r e  in t e r c o n n e c t e d  by programming i n s t r u c t i o n s .  
A s im ple  form o f  E u le r  i n t e g r a t i o n  i s  u sed  which e n ab le s  t h e  te c h n iq u e  
to  be  ex tended  t o  p u re  tim e d e la y  and sampled d a t a  sy s tem s .
The language  has been  e x t e n s i v e ly  t e s t e d  on i n d u s t r i a l  
problem s and has  been used  s u c c e s s f u l l y  t o  s im u la te  l a r g e  s c a l e  
system s such as th e  a u to la n d  c o n t r o l s  o f  th e  Comet.
A2 Choice of Integration Algorithm
C o n s id e r  a f i r s t  o r d e r  d i f f e r e n t i a l  e q u a t io n  o f  t h e  form
X  = f(t)
The s o l u t i o n ,  x ( t )  i s  th e  a r e a  u n d e r  t h e  x ( t )  cu rve  and can be 
ex p re s s e d  as a  T ay lo r  s e r i e s  in  At as fo l lo w s
x ( t  + At) = x ( t )  + x At + (A t)2 A .2 .1
where th e  d e r i v a t i v e s  x ,  x . e t c .  a r e  e v a lu a te d  a t  t im e  t .
Most o f  t h e  d i g i t a l  s im u la t io n  languages  compute th e  change Ax i n  
x u s in g  one o f  th e  R unge-K utta  fo rm ulae  ( 4 0 ) ( 4 1 ) . Perhaps t h e  most 
w id e ly  u sed  o f  t h e s e  i s  th e  " o n e - t h i r d  r u l e "  which when x i s  a 
f u n c t io n  o f  t  on ly  re d u c e s  to  S im p ls o n 's  r u l e ,  i . e .
x ( t  + At) = x ( t )  + Ax A .2 .2
where
Ax = [ a 2 + 2a2 + 2 a 3 + a^]
The c o e f f i c i e n t s  a^ a r e  g iv en  by
a 1  = f ( t )  At
a 2 = f ( t  + a l / 2 )  At
a 3 = f ( t  + a 2 /2 )  At
a^ = f ( t  + a 3) At
The main d i f f i c u l t y  w ith  t h i s  method o f  i n t e g r a t i o n  i s  t h a t  f o u r  
com puta tions  must be made f o r  each new v a lu e  o f  t h e  i n t e g r a l .
A . 2 . 3
A . 2 . 4  
A . 2 . 5  
A . 2 . 6  
A . 2 . 7
As a r e s u l t  a l a r g e  amount o f  com puter s t o r e  i s  r e q u i r e d  even f o r  
s im p le  low o r d e r  p ro b lem s . I t  was a l s o  found t h a t  R unge-K utta  
t e c h n iq u e s  o f  i n t e g r a t i o n  a r e  d i f f i c u l t  t o  program i n  b lo c k  form 
which i s  th e  most co n v en ien t  method o f  s im u la t in g  tim e  d e la y  and 
sampled d a t a  sy s tem s .
I f ,  however, th e  T a y lo r  S e r i e s  f o r  x ( t )  i s  t r u n c a t e d  a f t e r  
th e  f i r s t  d e r i v a t i v e ,  th e n
x ( t  + At) = x ( t )  + xAt A .2 .8
o r  w r i t t e n  as an a lg o r i th m  t h i s  becomes
x ( t )  : = x ( t )  - xAt A .2 .9
T his  te c h n iq u e  i s  known as E u le r  I n t e g r a t i o n .  I t  
assumes t h a t  t h e  d e r i v a t i v e  x rem ains  c o n s ta n t  o ve r  th e  
i n t e r v a l  At and t h a t  th e  a r e a  u n d e r  th e  curve  betw een t  
and t  + At can be ta k e n  as th e  r e c t a n g l e  x A t. The s i m p l i c i t y  
o f  th e  method o f f e r s  many programming advan tages  when i n t e g r a ­
t i o n  i s  t o  be implemented on a g e n e ra l  p u rp o se  com puter i n  a  h ig h  
l e v e l  lan g u ag e .  I t  was t h e r e f o r e  adopted  as th e  b a s ic  s u b r o u t in e  
i n  th e  a u t h o r ’s A lgol p ro c e d u re s  f o r  d i r e c t  t r a n s f e r  f u n c t io n  
s im u la t io n .
An i n i t i a l  t e s t  run  i s  n o rm ally  c a r r i e d  ou t u s in g  At 10~2 
o f  th e  s h o r t e s t  tim e c o n s ta n t  i n  th e  system . The s im u la t i o n  i s  th e n  
r e p e a te d  w ith  s m a l le r  v a lu e s  o f  At u n t i l  t h e r e  i s  no s i g n i f i c a n t  
change in  th e  r e s u l t s .
A3 Transfer Function Simulation
I t  was found t h a t  l i n e a r  system s can be c o n v e n ie n t ly  s im u la te d  
u s in g  o n ly  t h r e e  b a s i c  t r a n s f e r  f u n c t i o n  b lo c k s  namely K /( s + a ) ,
K /( s 2+ a s+ b ) , and K (s+ b ) .
C o n s id e r  f o r  example th e  t r a n s f e r  f u n c t io n
x B K
f  ( s 2+as+b)
The c o r re sp o n d in g  d i f f e r e n t i a l  e q u a t io n  i s
a &  ♦ bx = K f ( t )  
d t*  d t
s u b j e c t  t o  th e  i n i t i a l  c o n d i t io n s  x = 0 ,  x = 0 .
The f i r s t  T1 seconds o f  th e  u n i t  s t e p  r e sp o n s e  can be com­
p l e t e d  u s in g  E u le r  i n t e g r a t i o n  as  f o l lo w s .  Where XI = x ,
X2 = X, and DT i s  th e  in c re m e n ta l  s t e p  le n g th  i n  th e  t im e  
v a r i a b l e  T.
READ:= A, B, K, T l ,  DTR;
F := 1; X: = Xl:= X2== T:= DT== 0;
LI: T== T+DT; X2== K*F - (B*X+A*X1);
Xl== X1+X2*DT; X== X+X1*DT; DT== DTR;
• IF '  T < Tl *THEN1 'GOTO' LI;
The com plete  program can a l s o  be w r i t t e n  as  a  s e l f - c o n t a i n e d  
b lo c k  o r  P rocedu re  as  shown i n  F ig  A l (b ) .  The t r a n s f e r  f u n c t i o n  can 
th e n  be r e g a rd e d  as a s e p a r a t e  b lo c k  i n  th e  program  and th e  above 
a lg o r i th m  can be r e p la c e d  by th e  s i n g l e  s ta te m e n t  
X:= GRATE 2 (F, K, A, B, No);
X2:= GRATE 1(X1, K, A, 1);
♦REAL* * PROCEDURE*GRATE1(F,K,A,NO) } 1 REAL*F#K,Ai  
* INTBGER * NO; *BEGIN* »REAL*X1, X t
X » = A A [ N 0 3 ; X1 : oK*F«A*X ;X i cX + X1 *DT ; AAt NO] i sX GRATE1 r=X? 1 END 1
(b) Q u a d ra t ic  Lag
XI K X2
(S2 + As + B)
X2:= GRATE 2 (XI, K, A, B, 1 ) ;
REAL* PROCEDURE* GRATE2( F, K, A, B, NO);
REAL* F t K f A f BI * I NTEGER’ NO I * BEG IN1
♦REAL* X2rX1,X;  X| =BB[N03;  X1 * cCC C NO] i X2 i = K*F-<B*X*A*X1 ) j 
X1 i sX1*X2*DT: Xi=X+X1*DT; BB C NO] j =X J CCCN0]J=X1; GRATE2j=XI
(c) Real Zero
X2:= DERIV (XI, A, 1 ) ;
*REAL»*PROCEDURE«DErIV(F,A,NO)J * REAL* F , AJ 
♦INTEGER*NO; • BEG I N* 1 REAL«Xj »I F «ABS(DT)>&«8 
! THEN’ X!b(F"&DCN03)/DT*A*F * ELSE'X1*0 i 
DDtNO]jsF»DERIVls Xf * END * I
Fig  A I .1 T ra n s f e r  F u n c tio n  S im u la t io n  P rocedu res
wiiuxc r j.£> Liie xnjpuu uu uie u x u c a , a  xn m e  oucpui:; ana i\o i s  
th e  i n t e g e r  which l a b e l s  th e  p a r t i c u l a r  b lo c k  be ing  u se d .  S im i la r  
p ro c e d u re s  have been w r i t t e n  f o r  th e  t r a n s f e r  f u n c t io n s  K /(s+a) and 
K (s+ b). These a r e  g iven  in  F ig  A1 (a and c ) .
A4 S im u la t io n  o f  Pure Time Delay
The b lo c k  s t r u c t u r e  o f  th e  language  has  a l s o  enab led  a p ro c e d u re  
to  be deve loped  t o  r e p r e s e n t  th e  e f f e c t  o f  a pu re  tim e d e la y  e lem en t
—STw ith  a  t r a n f e r  f u n c t io n  e
The f u n c t i o n  f ( t )  t o  be d e la y e d  i s  sampled eve ry  T seconds and 
r e a d  i n t o  an a r r a y  o f  N e lem en ts  as shown in  F ig  A .1 .2 .  Each e lem ent
o f  th e  a r r a y  i s  i n i t i a l l y  s e t  t o  zero  and th e  o u tp u t  i s  r e a d  from
th e  a r r a y  one e lem ent i n  advance o f  th e  i n p u t .  The o u tp u t  w i l l  
t h e r e f o r e  be ze ro  u n t i l  t im e NT when i t  ag a in  r e t u r n s  t o  th e  f i r s t  
elem ent in  t h e  a r r a y .  At t h i s  i n s t a n t  th e  o u tp u t  i s  f ( 0 ) ,  which i s  
t h e  r e q u i r e d  v a lu e  o f  th e  d e lay ed  fu n c t io n  f ( t - N T ) .  As th e  com­
p u t a t i o n  p ro c e e d s ,  th e  in p u t  o v e rw r i te s  t h e  v a lu e s  o f  f ( t )  which have 
been re a d  by th e  o u tp u t  and th e  whole p ro c e s s  i s  r e p e a te d  u n t i l  t h e  
end o f  th e  s im u la t io n .
In  p r a c t i c e  i t  has been  found t h a t  th e  sam pling  p e r io d  T sh o u ld  be 
chosen to  be l e s s  th a n  10-3 o f  th e  s h o r t e s t  tim e c o n s ta n t  i n  t h e  d e la y e d  
waveform. T his  means t h a t  f o r  a d e la y  o f  o n ly  one tim e c o n s ta n t  t h e  a r r a y  
1:N must t h e r e f o r e  c o n ta in  a t  l e a s t  1000 e le m e n ts .  A lthough d i g i t a l  
s im u la t io n  o f  d e la y  can o f t e n  r e q u i r e  l a r g e  amounts o f  s t o r a g e ,  i t  does 
however o f f e r  many ad van tages  compared w ith  t h e  co r re sp o n d in g  methods 
n o rm ally  used on an analogue com puter.
X2: = DELAY (XI);
ALGOL PROCEDURE DELAY
f REAL 1 1 PROCEDURE ' DELAY(YDI); 'REAL' YDIJ
'BEGIN* DVt C Z 3 s «=YDI ; ' I f  KT1/ DTR 'THEN* YDO i **D.VL CI+1 3 •
•ELSE* * BEG I N' YOO »aOVLCO]; »END 1 ;
d e l a y j s y d o i  ' e n d 1;
PRINCIPLE OF OPERATION OF THE DELAY 
PROCEDURE
ARRAY [ 1 :N]
O utput
f ( t -N T )
Fig  A I.2  E x ten s io n  o f  T r a n s f e r  F u n c tio n  S im u la t io n  to
In c lu d e  th e  E f f e c t  o f  a Pure Time Delay
A5 Simulation of Closed Loop Systems
S im u la t io n  o f  a  com plete  system  i s  ach iev ed  by in t e r c o n n e c t in g  
t h e  a p p r o p r i a t e  t r a n s f e r  fu n c t io n s  by means o f  s im ple  programming 
i n s t r u c t i o n s .  An example o f  th e  s im u la t io n  o f  a t y p i c a l  system  i s  
g iv e n  i n  F ig  A .1 .3 .
A f t e r  each i n c r e a s e  DT in  T, th e  co m pu ta tion  p ro ceed s  s e q u e n t i a l l y  
th ro u g h  th e  b lo c k s  so t h a t  th e  o u tp u t  o f  each b lo ck  i s  u p d a ted  once 
p e r  c y c l e .  In t h i s  way th e  t o t a l  d e la y  in t ro d u c e d  i n t o  th e  loop  i s  
o n ly  one DT which o ccu rs  a t  th e  in p u t  com para to r .
In  t h e  c a se  o f  m u l t i lo o p  system s each loop  w i l l  have a  d e la y  
o f  DT and sh o u ld  be c lo s e d  b e fo re  com puting th e  n ex t  s e c t i o n  o f  
th e  main lo o p .
The o u tp u t  o f  th e  system  i s  sampled eve ry  50 DT and th e  v a lu e s  
o f  th e  r e s p o n s e  a t  t h e s e  i n s t a n t s  a r e  fed  t o  a l i n e  p r i n t e r .
Auomatic s c a l i n g  p ro c e d u re s  have a l s o  been developed  which e n a b le  
a  graph  o f  th e  r e sp o n s e  t o  be o b ta in e d  e i t h e r  on th e  l i n e  p r i n t e r  
o r  on th e  X-Y p l o t t e r .
/
P aram e te r  change f a c i l i t i e s  a re  a l s o  a v a i l a b l e  so t h a t  
f a m i l i e s  o f  re s p o n se s  can be o b ta in e d  as i l l u s t r a t e d  i n  F ig  A .1 .3 .
T h i s  f e a t u r e  o f  th e  language  has a l s o  enab led  i t  t o  be used  i n  
c o n ju n c t io n  w ith  s ta n d a rd  h i l l  c l im b in g  programs in  o r d e r  t o  o b ta in  
optimum system  perfo rm ance .  I t  s h o u ld ,  how ever, be n o ted  t h a t  d i g i t a l  
h i l l  c l im b in g  te c h n iq u e s  a re  v e ry  i n e f f i c i e n t  and work o f  t h i s  ty p e  
sho u ld  where p o s s i b l e  be c a r r i e d  o u t  on a Hybrid Computer.
0.
00
0 
0.
25
0 
0.
50
0 
0.
75
0 
1.
00
0 
1.2
50
 
1.5
00
 
1.
75
0
Y3Y2
(s+1)■ (s+9)
COMPUTER PROGRAM TO OBTAIN THE STEP RESPONSE OF THE SYSTEM FOR VALUES OF
K = 10, 20, 30, 40, and K = 50
L2: K:= K+DK
Li: T:= T+DT; F:= 1;
Y1:= F - Z l ; Y2;^ GRATE I  (Y l,  K, 9, 1 ) ;
Y3:= DERIV (Y2> 1, 1 ) ;  Z l:=  GRATE 2 (Y3, 1, 0, 0, 1 ) ;  
' I F '  T < TF 1THEN11 GOTO1 LI;
' I F '  K < KM ’THEN' 1 GOTO’ L2;
INPUT DATA
K DK KM DT TF
10 10 50 0 .001  5
Z1 ( t )
1050
2040
t  SEC
STEP RESPONSES OF THE SYSTEM DRAWN BY THE X-Y 
PLOTTER OF THE ICL 1905 COMPUTER
Fig A1.3 Digital Simulation of a Closed Loop System
A6 The effect of Integration Step Length on the Speed and
Accuracy of the Simulation
In  t h e  c a s e  o f  E u le r  I n t e g r a t i o n  th e  a c c u racy  o f  t h e  p ro c e s s  
i s  v e ry  dependen t on th e  s te p  s i z e  At and th e  n a tu r e  o f  th e  wave­
form t o  be i n t e g r a t e d .  The e f f e c t  o f  t h e s e  e r r o r s  on th e  t r a n s f e r  
f u n c t i o n  s im u la t i o n  p ro c e d u re s  was examined in  d e t a i l  f o r  th e  case  
o f  a  second o r d e r  system  in  which K = b = 25, and a = 3.
The s t e p  r e sp o n s e  o f  t h i s  system  was o b ta in e d  u s in g  th e  
GRATE 2 p ro ced u re  and th e  r e s u l t s  were compared w ith  t h o s e  
computed d i r e c t l y  from th e  a n a l y t i c a l  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  
e q u a t io n .
The e f f e c t s  o f  v a ry in g  At on t h e  w ors t  c a se  e r r o r  and th e  t o t a l  
s o l u t i o n  tim e a r e  shown i n  F ig  A .1 .4 .  From t h e s e  r e s u l t s  i t  can be 
seen  t h a t  an acc u racy  g r e a t e r  th a n  0.2% can be ach ieved  w ith  a s t e p  
le n g th  equa l t o  0.1% o f  th e  p e r io d  o f  th e  o s c i l l a t i o n .  E x te n s iv e  
t e s t s  on many more complex system s have shown t h a t  an a c c u racy  b e t t e r  
th a n  0.5% i s  u s u a l l y  o b ta in e d  p ro v id e d  At i s  l e s s  th a n  0.1% o f  t h e  
s h o r t e s t  t im e  c o n s ta n t  i n  th e  r e s p o n s e .
For t h e s e  a c c u r a c i e s ,  t h e  a u t h o r ' s  s im u la t i o n  language  i s  much 
f a s t e r  th a n  th o s e  which employ Runge-K utta  . forms o f  i n t e g r a t i o n .
When a p p l ie d  t o  th e  s im u la t io n  o f  th e  Comet a u to la n d  f o r  i n s t a n c e ,  
i t  reduced  th e  t o t a l  com puting tim e  to  l e s s  th a n  t h r e e  m in u tes  com­
p a red  w ith  o v e r  15 m inu tes  r e q u i r e d  by C.S.M .P.
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Fig A1.4 R e s u l t s  o f  Using G ra te r  P rocedure  to  S im u la te  t h e  S tep
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(s2 + 3s + 25)
A7 Further Extensions and Facilities of the Simulation Language
The u se  o f  E u le r  I n t e g r a t i o n  in  th e  T r a n s f e r  F u n c tio n  p ro c e d u re s  
e n a b le s  problem s to  be s im u la te d  f o r  n e g a t iv e  v a lu e s  o f  At. T h is  
means t h a t  problem s can be ru n  backwards t o  d e te rm in e  t h e  i n i t i a l  
c o n d i t io n s  o f  a system  which g iv e  r i s e  t o  s p e c i f i e d  f i n a l  v a lu e s  o f  
t h e  r e s p o n s e .
P ro ced u re s  have a l s o  been w r i t t e n  t o  r e p r e s e n t  t h e  b eh av io u r  
o f  s im p le  n o n - l i n e a r i t i e s  and t h e s e  have been  used  t o  i n v e s t i g a t e  
th e  s t a b i l i t y  and perfo rm ance  o f  n o n - l i n e a r  sy s tem s .
Samplers and z e r o - o r d e r  h o ld s  a re  a l s o  r e a d i l y  programmed.
These have been  used  t o  o b ta in  th e  re sp o n se  o f  h igh  o rd e r  sampled 
d a t a  system s and c o n s id e r a b ly  red u ce  th e  amount o f  a lg e b r a  r e q u i r e d  
to  e v a lu a te  th e  responses  u s in g  c o n v e n t io n a l  Z T ransform  A n a ly s i s .
The a b i l i t y  t o  in c lu d e  Boolean s ta t e m e n t s  and s ta n d a rd  H i l l  
c l im b in g  r o u t i n e s  has  a l s o  enab led  Hybrid com puter t e c h n iq u e s  to  
be used  f o r  o p t i m i s a t io n  o f  system  r e s p o n s e .
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